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JAROSŁAW N{II(IELEWICZ1

Impingement of two-phase gas-liquid jet on a flat plate2

A theoretical analysis lras been conclrrctecl of rnotion of a larrrinar liquid film indrrced by tlre impin-
gement of a gaseous jet with droplel,s on a flat sulface. Splittirrg of the Newtonian liquid on the surface
is caused by tłre motion of gas a flolving uncler a plessure gradient over tlre liquicl film. A theoretica]
model of the phenomenon and a metłrod of solvirrg have been postulatecl. The obtained resrrlts have beerl
compared with the experimental clata of other authors.
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nozzle diameter,
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volumetric florv rate
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unit volumetric i]ow
rate of tlre liquicl,

gas-liqrrid surface,
SaS,
circumferential directiorr,
radial directiorr.
perpendicular clirection to the surface,

p - pressure,
16 - circrrmfererrtia] velocity,
,u - raclial velocity,
10 - velocity irr direction z,
r,ó,z cylindricalco-ordinates,
t - time,
ó - liqrrid layer tlrickness,
p - clynarnic viscosity,
p - liquid clensity,
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B0 J. \Iikieletvicz

1. Introduction

Surface wettirrg by impinging tu,o-phase 1icluid-gas jet is rvideJy used for irrten-
sive cooling. The cooling process is pa,rticularly intensive lvlren the plrenomenon
of film evaporation talies place. Srrch surface cooling can łle founcl in heat excharr-
gers, chemical engineerirrg apparatuses oL electrorric clcvices exposecl to large loads
in irigh pow-er comprrters. Splitting o{ the liclrrid lbrrnecl fi,orrr the droplets on tlre
wa11 has been scarcely investigated both experimentally and tlreoretically. Up to
date it lras rrot 1buncl a cołnplete explanation. 'I'here is no plecise mat}remati-
cal rnodel of this pirenomenon. trVorks lintllvn from the literatul,e [1-2] give very
simpiif,eci models of the pirerrornenon. Tlre interia forces are rreglectecl. However,
t}is assumption is not justifiecl as approachilrg the u,a11, the two-phase jet redu-
ces its ]<irretic enel]g)i at tlre sa,nrc tirne irrcreasing the pressurc. At the poirrt of
impingerrrent tlre ]<inetic el}ełgy is eclrra,l to zeI:o ancl tiLe plessllre lras a rnaximum
value. From tlre stagnation poirrt there is a, nrelely raclial gas flow. Tlre pressure
decreases a,ncl tlre radial vclocit;l of tlre gas irrcreases. There is, therefore, a pres-
sure gradierrt in the radial direction. As a resu]t of increased inertia the atomised
licluicl pilase suspenclecl in tlic gas in tlre forrn of droplets deviates witlr respect
to gas streamlines and sepalates onto tlre wall. Tire clroplets form, a liquirl fiim
rvlrich splits radially. In the vicirrity of the stagnation point the florv is laminar. In
the work, iaminar licl,Llicl films orr tilc rvail lrt.,ve been consiclerecl. Tlre process of
splitting of the liqrricl impingirrg on a, horizontal sulface rvith a specifled veiocity
has beerr investiga,ted theoretical]y ancl experimerrtally in [4,5]. The aim of the
present worlr is to inrlestigate splitting of the liquid formecl from tlre two-phase
jet impingemerrt on a srrrface. The cleve]opeci model dra,rvs on integral equatiorrs
of motion of the liqrrid fllm near the rł,al[. l{rrlnerical ca,lcu]ati,ons have also beerr
perforrned to iilustrate the met}rod,.

2. Analysis

A flat surlace impinged by a two-plrase jet is presentecl together v,itlr a
co-ordinate systern in Fig. 1. A cylinclr,icai sł*sterrr of co-orclinates r, e has been
assumed. Tlre co-ordinatc z ls pelpendicular to the srrrfa,ce. The flow of tlrc licluid
and gas jet flowirrg out of a'rlozzle with the ral,c ć/ is cotrsidereci two ćiimensional,
axisymetrica,l.

It has been assurned tłrat;

1. The motion of t]łe liquid fllm is laminar, fully cleveloped ancl induced by
the rrrotiorr of tlre gaseous phase,

2. ]]he gaseous phase flowing otrt a,xisynrmetrically flonr tlre nozzle induces
th_e shear stress on tlre licluicl Ji]nL srLrface arrd feeds the fllm with the licluid
at the rate q.

3. Liquid-r,vall arrd liquid-gas separatiorr surlaces are smooth.
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Fig. 1. Impingement of tlvo-phase gasliquid jet.

4. Plrysica1 properties of the iiquid are constant.

5. The licluid film thickness is srnal1, whiclr allows us to assume a linear velocity
proflle in z direction and simplifv the equation of motion as in the case of
the boundary layer.

6. Gravity effects are neglected.

7, The circumferentiai velocity component is zero as a resrrlt of symmetry
(u = 0). ]t m,earrs that tlre radial component and film tlrickness are functions
of tlre ra,tlitts t,.

A full set of conservation equatiorrs of mass and momentum in cylindrical
co-ordinates is given in tlre following way [5]:

c!_*!a(e"l 
*a(!:,) *'(f,) : o

dl, T d,r, dlJl d2

Ou. llt ltltt uu,...0rr_ 10p,pIa |la(r")l _It! 20v,0'"l
-_Ll,-J---l.-+ 

_--:+!.0L" Or' ,0ó' r 0z praó,, tr L;-, ]*łuo,*łŃ+ *}+ło
0u u|u u' 0u 0u 10p pIarla,.l l02u 20u 02u)
ń*ń - 1, a,'łui:- oń*;t, L;ift,|]*7uo,-,,Ń+ *J+s,
0w 0w . u\u a!! _ _!ap,LI! 0 ( 0u\ l 02u 02u,)i*,i*iń*.;;: -nń*; |;n (, * ) * łń + * }+ł.- (2-1)
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According to the above assumptions, the goverrrirrg equations can be simplified
as below

I 0(ru\ 0( ru\
- )l 'f }:0,r dr 0z
ai 0v- I)p , 1LO2u,arł.tu*--pńnirł'

-L! : o.
pOz

The foliowirrg boundary conclitiorrs for tlre problem can be assumed

(2.2)

(2.3)
-0, I0:u:0,

0u
- ó, U = !./il E:

lI

u

It comes fronr Eq. (2.2) that the pressure acloss tlre liquid film is constant as

in the bound,ary layer and deperrds orrly orr tlre radial co-ordinate. The pressure
gradient and shear stress on the phase separation surface can be determinecl for
the film from a free gas jet florv assuming tlrat the film is thin and its thickness
can be neglected irr tlre gas flow. An analytical solution for the axisymmetrical gas

flow impinging on a surface was giverr by \Ąlhite (1974) arrd Sclrlichting (1980) [1].
It was developecl as the solution of a boundary layer florv rvitlr a plessur-e graclient.
Tlre pressure distribution along tlre rvall carr lle rvritten aftel Schlichting as

1
I}g:l)t)- jłno'{r'+ f(z)). (2,4)

The velocity components for the gas florv are given by tlre relations, see Martin
(1977), [1]:

(z.s)
ug : &rFl(T), u-tg : -2{Lz,

"- (?) (,.łlu_ a.a3ĄI;), ,,:'\E,
Martin suggested that for arr axisymmetrical lozzle the valrre of tlre coefficient

can be expressed as a function of geometrical parameters as in Fig. 1.

The shear stress on the gas-liciuid phase separ-ation surface can be calculated
based on the gas flow arrcl, is equal to

(2.6)

because F"(0) _ I.312.
In order to flnd arr approximate solution of the problem, integral forms of

conservatiorr eqrrations have been, developed [3].

a3pop,nr
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The mass balance within the liquid film ca,n be obtained by integrating the first
equation (2.2):

83

Integrating the first
integral and utilizing
we can obtain:

integral according to the
the bourrclary conclitions

(2.7)

integration ruies for a parametric
for the second integral in Eq, (2.7)

(2.B)

(2..9)

(2.8) can be brought

(2.10)

ó6
I 

o(,],") r, + [ 
0(:') 

tlz : ().

J U?, .l U:

-0.

I\{aking rrse of the reiationship

06 a6uł= 0l +uiń

being in force at the liquid-gas phase separation surface, Eq.
to the forrn

_łssuming tlrat

6dr t)ó

- l(ru)tlz- ^ luiłrul;dr.l ' dr
0

60f a6

ń ,l 
(ru)dz { a,, = 0.

0

a6
0t -- -'l = c(lll"s-l"

and placing trq. (2.11)into (2.10), we can obtain tlre Ibllowing mass
equation 

+[. i,o,]-clr=0.o,L1, 
]

(2,1I)

conservatiorr

(2,12)

Integrating trq. (2.12) frorn 0 to r anc1 mrłltiplying by 2r we can get the mass
equation as given in [1]

(2.13)

The integral momentum equation can be obtained by integrating the components
of the second ecluation (2,2) r,vithirr the film thicliness limits.
Integrating and rearranging tlre first com,ponent gives

6

?,rr lt,rlz:n,,,2r,-
.l
0

j,,#,L" : ! 
i + u, : łl* i 

uzd"z - #",7
00

(2.14)
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Integrating by parts the second componerrt arrd corrsidering tire differential mass
balance equation, we can obtairr

i ,#n, - ,,,,*f, (,,# * +) r,
00

6

f u d''u tt au |b ril__d::,_-l --_.l pOz'z pdzlo p
0

ótIOn, 10p.
J ,ńu= = ,ńu,
0

Summing all transforrned, components of the equation of motion we can

660 f .,, ,a6 l t r. Ti-Tu l)p"
* J u"rlz - rińłwpi + ; J u'dz = ; - rńU.0o

Introducing the expressions (2.9) and (2.11) into (2.18) gives

6ó
Ł [rror_u;ał! [,,rrtr:Ti-T- -l!u.drJ -" r,l p p)r

= "uł,;łłl:, iu2clz 
- #n)-ł ł,

(2.15)
The third and fourth components after the integration assulne the following forms

Tu
,p

(2.16\

(2.I7)

obtain

(2.1B)

(2.19)

(2.2I

(2.22

0

tlłe problem 1et us assume a sirrrplest, linear velocity profiie inIn order to solve
the form:

u = C(,r)z. (2.2a

The coefficient C(r) and the fllm tlrickne§s ale deterrnined from the integral
balance equations (2.13) ancl (2.19). Placing trq. (2.20) into (2,13), we can obtai

/at ^,\ - 
q?"L(//-rGF'

ancl also
0u,- : FiJ: C(r)p :

Let us assume that the inertia forces are small
side of trq. (2.19)). Then combining trcls.(2.6)

qrp
,GP
arrd can be
arrd (2.20)

rreglected (left-
with Eqs.(2.21)
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(2.22) and tlre lbrmulaa for pressure graclieirt (2.4), ive can f,nally arrive at an
expression

(2.23)

analogical to the one obtained iIr [1] witlr tlre only clifference that trq. (2.23) does
not exhibit a coe{licient 2f 3 h the second corrrponent on the right-harrd side which
appeals in [1]. Substituting the expressions (2.6). (2.2a) into the full equation of
motion (2.19), we can obtain

r-
,t : ) .312llu3 lls_ll s 5z + 

u'Po 
6r.ulrlI

3=_-
Cl2r

lntro ducing rron- dimerrsional

,#)d6

,L

+?'"+ó
)Tg ?'g

I.3l2 , Pno'6'
p

(2.24)

{2.25)

(2.24) can be

(2.26)

(2.28)

p

variables

where: 16 is tlre characteristic radius, tlre expressions (2.23) łl,nd
transformed as follows

rl : 7.312r3u@Yun 1t!!ro6+',

lF prl,n,oa'

p
, poa2 rf,6+3 qp \.r-

/, fr)
(2.27)

The fllm thickrress after its stabilisation is determined by the relation (2.26). In
order to solve Eq, (2.27), it is rrecessary to know the film thickness for a zeTo
radius or the filrn t]rickness along the developrnerrt lerrgtlr, rvhen the inertia 1brces
can be neglected. As tlre experiments sholv, tlre film thickness in the .jet centre is
not zero.

The wall slrear stress can be expressed in general as:

^ - r, ^Uru = L, JPr.

Tlren, if the friction coefficient is known, we can use Eq. (2.19) in the laminar
and turbulent flow.

The expressiorr (2.19) toget}rer rvith the nrass balance ecluation (2.13) form a
closed set of ecluations wlrich enab]es tlre determination of the 1ocal fiim thiclrness.

Integrating T!q. (2.27), \Me can obtain the dependence between the liquid iayer
thickness and radius. Tlre direction of the integral curve is determined by tlre
derivative of tlre liquid film tlrickness witlr respect to the radius. This derivative

a3 pnpnrg62
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terrds to irrfility r,vlren the clerrominator in Er1. Q.27) reaches zero.
Wlrerr the norrrinator and derronrinator irr tlre expression (2.ż7) simultaneously

go to zero, tlre c]erivative rvlrich cletermirtes tlre local clirectiorr is undeflnecl and
a singulal poiłt a,ppears. In tlris ca,se, the belraviour of integral curves irr the
vicinity of tr, sirrgular- point ca,n be invcstigatecl b.v linearisation of the rigirt-lrand
side of Ec1. Q.Z7) {+].

3. Nrrrrrerical calcrrlations

The numerical calculatiorrs lrave becn perforrned for tlre parameteLs corre-
spondirrg to the avai]able experimental data [1], i.e. for the jet of rvatel droplets
atomized in tlre florv of air throtrglr a nozzle. The value of the parameter a in
trq. (2.5) iras beerr estimatecl at a:1500s-1. It has been assumed that tlre
atmospheric pressuTe is equal to prl - 240 liPa arrd tlre characteristic radius is
ro : 2.10-anr,

air _ Water
Po = 2il0 kpa
a = 1500 s-|

6 +_ _y[l

Fig. 2. Unit wetting volrme q vs. norr-clirncnsiona] tlriclgress g+ of t}re stabilisedliquicl film.

For the ał;orle data, tlre tlrickness of a fully developed licluid film as a function
of wetting rate q Itas beerr determined rvith the help of ]rq. (2.26). The results are
given in Table 1 and Fig. 2. From tlrere, knorving tlre wetting late, we can deter-
mine tlre tlrickness of tlre ftrlly developed licluid filrn. If, fbr example, we assume
that tlre unit volumetric flow rate of rvater droplets i, q - 1 litre/lr/cmz:ll360
m/s, we obtairr that the fllm tlrickness is ó" : 200 . 10*6 m. The thickness of tlre
1iquid film belbre stabilisation for this unit volurnetric flow rate has been evalu-
ated from trc1. Q.27). Tlre calcrrl,ations lra,,,e been performed using a Runge-Kutta
fourth-order method under Matlrcad 5* orr PC. The lesults of calculations are
presentecl in Fig. 3.

0.3

0,2

q

Im/s]

0.1

12l0
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Fig. 3. Non,dinerłsional film tlrickness ó* vs. rrorrdirnensiona.l co-ordinate r,*

Table 1. Tlre unit wetti]}g volume q as a i'unctiorr of non-dimensional thickness of
the stabilised 1icluid fllm for T:240liPa. a = 1500 s-1.

[-/,] ó+

0 0

0.1 ].17576.10*
0.2 .1.7721B.10-5

0.5 3.11221.10-4
1.0 0.00 1 33

2.0 (). ()()6()2

3.0 0.0 1 509

4.0 0.02959
5.0 0.048l5

4. Conclrrsions

A simple model of tr,vo-phase liquid-gas jet impinging on a flat surface and
forming a thin liquid 1ra,s been formulated. Tlłe mociel draws on tlre conservatiorr
equations of mass and nromentum and closule equa,tions. The model can be fur-
ther developed to investigate the ireat tralrsfer- at tire heated surface impinged by
the jet arrd to czrlculate the heat tlansfer coefficient to this surlace. As mentioned
in the introduction. tlris case lras sevcta,1 1lla,ctical applications, for example in
lreat exclrarrgers.

The obtaineci equation (2.27) for the filrrr tlrickness is stlongly nonlinear arrd
in some parl,icular cases cal} possess sitrgrrlar 1;oints. In other cases tlre riglrt-lrand
side of E11. Q.27) contains zeros ancl tlre solrttion lras non-monotonic regions.
Therefore, before starting tlre numerical calcula,tions it is requirec1 to conduct a
clualitative analysis of solrrtion in order to find tlre acleclutr,te rnethod of solvirrg
the problem.

N{anuscript receivecl irr August 199(i
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Struga dwufazowa gazu i cieczy trderzającej o powierzchnię płasĘ

streszczerrie

Przeprowaclzoąo analizę teoretyczną lanrirrurrego rucbu filmu cieczorvego powstałego wskutek uclerze-
ńa strugi gazrr zarvier-aią""1 k.opÓ}ki cieczy o porvielzclrnię piasĘ. Rozplyw filmu cieczy newtonowskiej
o. po*ii.ihoi powoclowalry jest rtclrem gaz.i prr"ply.n.i*"go z gradientern ciśrrienia nad filmem cie-
."oioy*. Sformirłowano rrroclÓl teoretyczny zjarviska, rvyprowaclzorro calkowe rólvnania zachowania dla
tego przypadku oraz zal)roponowano metorlę rozwiązałria zag.,iclnienia. \Ą/skazarro na istnienie w rozwią-

".iio .ril*o11otoniczności filmu w pobliźu purrktu spiętrzenia gazu. Wykonano obliczenia nŁmeryczne
ilustrujące teorię. Uzyskany rezultat cłia grubości filmu ustabiłizol\,ałego porówna,rro z istniejącą teorią
zagadnienia Il] uzl,skrljąc dobl,ą zgo,Jllość wynikc',rł.
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