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ANDRZtrJ I(ORCZAK-

flow of liquids in a flat-wall face clearance
variable width between stationary

and rotating rings

Institnte of Power I\,Iachinery, Si.le,sian Universit1, of 'Ibclllldog;5,, ,1,1-101 Gli-
tvice, Iionarskieg,o 7ź3, Po]and

Abstract
The paper cleals lvith the lanirrar florv tlrrorrgh al flat,-rvall face clearattce with a variable

rvidtlr lletlvcerr tlr<.: sl;atiortary trttd rolating lings. The flor,v tlrror-rglr suclr an clearance rvitlr
inrnrobile rvalls is tlesclibed, too. Besities the lolrgituclirral clea,rance, the face clearartce is an
ąssetrtial strtrctttl,al eletrrerrt of }rycllarrlic uraclrirres. A characteristic exarlrplc is the face clereatrce
betrveen tlre sli1l arrcl stopper ring the balance disk in a rrrultistage centrifugal 1rurnp, In tlre case
of conventional solrrtions of the llalance disc the structionall1, required łvidtlr of tl-re clearance
leads to a tulbulelrt flow of tlre liquid tlrrough the clearance [2], If the outer dianreter of the
balatlce disc is redrrced, the pressure under the disc increases, the rvidth oftlre face clearance gets
snraller and the florv rate through this clearance beconre less irrtensive. In result, the turbulence
of the florv drops arrd it beconres possi|lle to enter the zone of transierrt and lanrinar florvs |7],
Tlre reductioIr of the dianeter o[ the |lalance disc is cotlnected ,lvitlr a reduction of leakage losses
and friction rcsistance, ancl tlrus the punp becortres nrore efrficient. In tlre case of applyirrg a
se|f-aliguing clisc, the ntontentunl of tłre pressut,e {brces nrav deviate it, preventing a dry friction
of the slip-rirrg against tlre stopper ring. Suclr a disc can operate lvith a considerably narro&'er
cleararrce tlrarr tlrat required by stiff discs. Laboratory-scale investigations carried out on a
model of a balt-rtrce disc witlr a self-aligning sttp1lort of the rotatilrg rirrg lrave corrfirnred tlrat
in the case of a cerrtrilugal flow t,Ile distribution of pressure in tlre face clearatrce prevents the
occurranceofdrv{i,iction,i.e. acontactof llotlrrilrgs[7,8]. Irrconvecl,ionalstructttresofllalance
discs this eflect is neutralized 'lly their stiffness, so that the possibility of dry friction cannot be
preventecl.

Keywords: Lanlinar florv; Face clearance
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Nomenclature

a,a,r, - rvidtlr of the clearance, llean t = d]l - circrrnrferential speecl of then
value of this width, nr rall, /ms

F, Fo - force. axial force, N !*.. 
'5_!L - conrpolrents of the vector of

^,I 

, fuI,, 
^,I! 

- nronrentum, components of the flo."v rate in a cylindrical
the nronrentunr vector. \rl: Coordinate s_vstenr, trr/s

p,pl,pż pressuIe, pressure on the t-' - coordinates of a rectarrgular
interrral radius rr. pre@i! !. tlre coordinate system, n
the external .u416< r3 ,n{& a - angle of convergence of the
clearance, Pa rval|s of the clearance, rad

a - rate of flolr. lbrónuf;fu Eb € - ratio of the lengtlr of the face
clearance. rr3 * clearance to its internal raclius

T, ?, z - coorclinatg -ef mb q&&bl p - l-iscmit;,, kg/nrs
coordinłnr{tilnr"Ur"nĄ n u: p/p - kinematic viscosity, m2/s

Tl,T2 - interuad " 
Gd radius u _ angular velocity of tlre

of nb fu"u rotating r.irrg, s-1
Re,R.ep,Reg- nnwrobr§nunrber, p - density of the liquicl, kg/m3

ffit n M flow, t- - coemcient of tlre axial iórce
Mt 'l' @iffiflorv

1 mfims of motion

ł,,dĘpn of a flat-rvalled fat* ciearance with a vżrriable width as well as its
ffit dimensions are to be seen in Fig. 1.

-l

') ]

Figure 1. Diagram of a flat-łvallecl face clearance with vafyin8 r,vidths.

Tlre florł' lr:rs beerr assulned to be stzrtiollal,y, and so tlre influence of the body
forces coulcl lle neglected. Nloreover it ]ras been asstrrrrecl tlrat aiorrg the widtir of
tlre clearance the plessul'e is constant, as a ]aminar flow in a narrow clearance is
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frrllY developed as two conrbined boundary layers, in whiclr th,e presstrre gladient
transvetse to tlre flow is orre ord,er of nragnitrtde srna]Ier tlran tlre gra,dient irr the
direction of the flow [6, tS], Basirrg on slrch assunptions the motion of liquicl
ilr tlre clearance is described by the N - S eqrtations, whiclr irr the cylindrical
coordinate systern yield

91

)OU, ua our uó
U,.-J----J:' drr Oę T,

I dp ( 0'u, I 02l,, 0'r, I0u,
--:--L|, | -L- J 'l_-_pU,' " 

\ar'' r2 dg2' ó7 l ; 6, -

., 0,u, _ u, 9:|, ,uruę _Ur--;- -r 
--;-Clr T cl? ,I,

- - 1 Ł*, (t:, * I q:2 *0", *!0,ę
pr aę \ 0.' r2 arz 0z2 ' r 0r

2 0u,
12 09

tl:%.0z, (3)

In tlre case of tlrese asstrnmptiorrs the eqrration of continuity takes t]re fol-
lorł,irrg fornr

dąs,, u- 0 u,"

ar+;*ń:o (4)

Tlre face cleararrce between tlre slip and tlre stopilrg rings of tlre bal:rrrce clisc
is clraltrcterized by tlre ratios of its frtnctional dinlensions and tlre rvicltlr; irr tlre
case of a self-aligning disc th,ese trray asslrnte t]re followirrg vtrlues: a:0.12 to
0.04 rnm, rl :50 to 100 llm) t :T2 ,I.1f 11- 0.14 to 0.36,

Frotrr tlrese dinrensiorrs tlre following proportions nray be derived: tl,f 11 :
0.0004 ti 0.0016 oraz €4: 0.000386 to 0.00168.

In other words, a,ssessitlg tlre order of values of tlre respective terrrrs of t}re
Eqs. (1) and (2), tlre ratio af r.1 nay be replaced by en.

Strbseqtrently we corrvert Eqs. (1) arrd (2) irrto dinerrsionless qtrantities, in-
troducitrg the followirrg substitutes [10]

'Ur : U)T'161,1

U," : U)T,lD,^.
Y , Yl

r, : rIF: 11(1 + e),

'r'ę :'|'LFp,

-Jz:az:€'T12.
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Tlre pressule p is expressed by a dirrrensionless quantity basing on the re]ation

0p 02r,
Ń = l' arr'

Srrbstittrting dimensiorrless quatltities we get

^^,op _ 1-1,ar1 d'ur
€,rlar €8,r7 aż2'

atrd lrence: p: #F.
\Ąie also introduce tlre Revrrolds nunrber

Re - urtal,,, : uar,r? l r,

Having substitrrtecl the dimensionless quantities in tlre Eqs. (1), and (2) we lrave

/ ^- _r\
R".3 ( ,,Y + ek* _r5'l :

Iaż -rOę -r)
_ 0p , ( _o0',r, , ^r 

I 02u., , 02u, , ^7I aDr ^82 aua _rr,\-ń-T \' -r -' ir aą- ażr'" ; ai-' ł ar-" ł),

R"r, (r,,ql * uur 
0!, 

+ uD.dr) :
\"'az ''FOQla r )-

: _ ' 0F * (,ug',D, -.aI 02uę _0'rr_.zLdr, _.82 0ó, _.rr"\-1+€ż,Ę- \' aż2 -'ł aą- a?--'i ał-'ł ar-' ł)
2 Calculation of pressure distribution in the clearance

by applying equations of motion, simplified to ex-
pressions of the order > e l G + * r)

If irr tlre Eqs. (1) and (2) tlre expressiolrs of tire order e lQ+źe) and less are
omitted, it wiil restrlt from tlre derived dimensionless eqtrations that they lrave
been reduced to:

0p .,02u, _ n
6r- U ,;:O, (1u)

02ll,,uffi :0. (2")

N4clt,eover. tlre folloving borrndary corrditions ]rave beetr assumed

for z :0, rve get: ur : 0 and t,, : g,
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iot z :tl, we get: Ur :0 and 1;p : QT,
tbr r : ?,1 , w€ get: p: p:J
for- r : 12) we $et: p: p2.

Fronr srrch a geonetly of the clereance results t}re possibility to cleterrrrirre its
width by means of the foilowiirg folnluia:

in włriclr:

(5)

(6)

Irrtegratirrg tire Ecls. (1) arrd (2) versrrs tlre val,iable z and taking itrto account
blre relatiorr (3) as well i_r,s tlre asstrrrred bourrdar.y conditions, rve get

o, : o,n1, * ar c:os ę

0,7niv * a,171ą,a
n--\łrll - 2

I0p, ? rUr : ;- ^ \Z- - aZ),
lp, o,r

z
L,ę : Tu)-,. (B)

Substitutirrg tlre velocity conrponents explessed by tlre folmulae (7) and (B)
łnd tlreir derivations into Ec1. (4) and applying tlre parametric equatiorrs:

(7)

b _ aCOSgl

c: ip,uasiltp
urd substitutirrg aiso tlre relation (5), rve get a lreterogeneous differential equzrtion
lf the secotrd order with variable coefficients

l,(a- *b,,)"# + ( bT r'] ł9a.b2r2 +6a2-bl. + u,'-)ff *,r,' : g. (11)

A{ter srrch sirrrplifications the integration of trq. (11) perniits to czrlclilt-tte tlte
)r'esstiTe itr any albitrary poirrt of tlie face clealance. Eq. (11) ca,rr be solvecl łloth
illalyticall,y and ltttttlcrically after it llas beclt t,cdttccd 1o a djffereutiatillg lbrrtr.

2.L Analytical solution

APPlyirrg the substitrttion nrethod we get a differential equation of tlre fir-st
lrder. It catr be solved by findirrg first the general integral of tlre corresporrding
lon}o$enoLrs ecluation atrcl tlren appiying tlre nretlrocl of the valiations of con-
;tants. As a resrrlt rif integration tlre course of pressure ilr tlre clearance aloltg
lre radius r was determined for th.e assuned arrgle p

,p(r,ę):##ć##*

(9)

(10)

-a},r,c - 3b3C1-#ńHłłclł!m,+
3o,:),b3

ln(a- + br,). (I2)
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After the substitution of the relations (9) and (10), Eq. (12) contains discon.
tinuities in tlre case of 9 : *n 12. Therefore, it rnust be solved by substitutinp
the angle cp in tlre intervals: -nlz < 9 < 7Tl2 and rfL < ę < 3tf2. The frna
result is obtained by joining tlre solrrtions concerning botlr tlrese intervals.

The integration constants Ct arrd C2 can be determined basing on tlre bound.
ary conditiorrs, which again are determined by the values of tlre plessule on bott
sides of tlre clearance: for a centriftrgal flow pt ż pz,, and for a centripetal flov

Pt ś pz.

2.2 Numerical solution

The numerical solrrtion of Eq. (11) sinrplifies somewhat ftrrther calcrriationt
of tlre forces and nronrents, wlrich in the case of applying the analitical solution o
this equation also reqrrire discretisation, Fol a given arrgle <p1 tlre radirrs betweer
the irrlet and the outlet of the clearance otrght to be divided into .ly' sections wit}
the lengtlr Ar. 'Ihen tlre pressure at the point deternrined by the atrgle p1 anc
tlre radius Tj) can be calculated by rneans of Eq. (11) in the differentiating forrr

^ _ pi+t+ pj_I, 4b3r3 *9a-b2r2 +6a,,?rbr + a,! A,r pj+l - pj_I, crL,r2
Pl- 2 - ę"**6ry ; 4 -4"^*611,

(11a

in wlriclr the pressure on the radius rl anl.orrŃs to pi=t, the pressure on tlre raditrl
12 alrrounts to pj:N+tl and the Eqs. (9) and (10) determine the parameters b anr
c for the angle rp.;.

3 Calculation of the pressure in the face clearance b}
means of equations of motion simplified to expres-
sions of the order > 63 (taking into account circum.
ferential stresses)

The flow dea,It witlr in this paper may be clescribed in more detail leavin1
orrt the expressions of tlre order e3 or smaller in tlre eqrrations (1) and (2). Tlren
besides tlre Eqs. (1a), (3) and (4) we get Eq. (Z) in the followirrg form

0P 
'1^': 

: o. (2b- ń9+ l' a,2 
: u,

\doreover, sirnilarly as before, tlre botrndary conditions and geornetry of thr

clerearrce were assumed.



The lanrinar flow of tiquids in a flat-rvall face,

Integrating Eq. (2b) verslls tlre valiable z and taking into accollnt the relation
|3) as well as the boundary conditions, we get

I 0p,9 , z
'r:ń?óę\z--o,z)+?"Q- (Bu)

Srrbstitrrting the conrponents of velclcity expressecl by tlre forrnulae (7) arrd'8a) and t]reir derivativęs into Eq. (ł) and assutrring tlre following coefficients:
A: a,rrf a,
B :6pu/a2,

o be constant, we get zr lreterogeneolrs differential equatiotr of the second orcler
vitlr partial derivatives and va,ritrble coefficietlts

(A + rcos,p)3 * * [@ +,rcos,p)3 ! + S@ł r cos ę)2 cos ę1?+, , dl;ż L\ , , ,r -\-- | , """., 0r ,

+Łra_r r cos ,f # - |rO* r cos <p)2 sin ,# *Br sin 9 : 0. (13)

This ecluation ctłn be solved approximately: anaiytically by means of serial
xpansiorr or nunrelically.

As tlre Eq. (12) is discontinuos atrd an integral of Eq. (11). tlrere nray also
rccur difficulties clue to tlre lack of proofs of convergences in tlre serial expatrsion
f Ec1. (13). For tlris reason we solve tlre problenr nurrrerically,

ll'his ,was dorrc by applving a gricl of points, diviclirrg tlre circunrference into
( segurents arrcl tlre radius into 1/ sections. In tlre case of points which are not
ituatecl orr tlre botrndary of the region (interior points) differentiatirrg equatiorrs
,'ere set uP, replacitrg the derivatives in Eq, (11a) by differentiatirrg qrrotients.
br tlre angie alrd tlre radius central differences of pressures were assrurrecl. The
esu]ts were eqtratiolrs for 1 < i < K and 2 < 1j < t/ - 1

(A + 11 cos ę)3!!ż}i! - 2pi,t ł p j-l,; 
,-----:-_-.t-

^,?
|(A + rlcos,p;;3 

1 
+ 3(,4 * 17 cos g)2 cosęu]P# +-rjżAri

+\rał t,i cos ,,yPl,i+t - 
2piił pi,i_t _r.j' J -- r L) M?

3
-ąrOf r; cos ,,)'rrnruW#T ł Brisinłp; : Q

'lrere KApi:2r.
Tlrtrs wc gct K(N - 2) equatiorrs, tlre nurnber of whiclr is eqtral to tlre prr>

uct of KN unkrrorvlr valrres, However. 2K lacking roots are deternrined by the

(13a)
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borrndary conditions at tlre itrner a,nd otrter botulciaries of tlre clearance:

Pi:l,.l: PI:
Pi=N.i: P2.

Appl;,ing Eq, (13a) we can calculate subsequently t}re pressule in the respective
poiŃs of tlre grid, expressed by tlre transfornecl fornrula

t N,]r|Lę,2. lp,,*r,, ł pi_ t,i'Pj.i: zĘlą * 6ą L--Zą--
,,p.j.i+1 *]lj,i_, , (I 3cosp, \ą,*,,,-p.i-l,i---ĘŃĘ- -\Ę-r A+?jcospi ) 

'^,rJ
'P j,i+t - P j,i_l , Bri sing; l

z\ 
^ęl 

* 
(A + ł .r, .p,f 

,|

3 sin p;
(13b)

A * r,1 cos ęi

Velocity of liquid flow in the clearance

Tlre radial velocity u" arrd circumferential velocity t.," taken into account iłr
our analvsis of tlre flow rate of a liquid in tlre clearance can be calculated ieaving
in tlre trqs. (i-a) tlrose expressiorrs wlriclr are iarger than e/(1 * że) oI more
precisely leaving tlrose expressiorrs that irre larger tlran e3.

'1'1re radial velocitv irr t]re clealance can be ca.lcrrlated by neans of Eq. (7).
Having calculated the derivative of plesstlre rnaking rrse of trq. (12) arrd srrbsti-
trrting it irr Eq. (7), we clbtain

1 l C, rl,i,,c.+ Jb:]C1

2p |tt,|rl, 3tt,,,,b'ż(a,,, -l Łlr)3

-Za:),c + 3b3CI

3ł,,,b'\o,, + brY 
-f

]rr' 
- (a,, * b,r)z), (14)

*o,|rc - 3b:3Cl

3cl|b2(a^ + br,)

Next, ta,king irrto accrllrrrt the pararnetric Ecls. (9) and (10) we get the velocity
,u" at any arbitrł,-iry poirrt of t]re clearance.

velocity of floił, of liquicl in the clearalrce can also be calculatecl irrtroducing
irrto Eq. (7) the plessure gradierrt calcrrlated iteratively by means of trq. (11a).

Irr tlre case of l]lole accttl,ate ct-r,lculations, the presstlle gradieŃ calctrlated
iteratively by rrreans of Eq, (13b) nrrst be ilrtroduced ilrto trq. (7).
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5 Rate of flow through the clearance
T]re flow r-ate Q t}rrolrgh tlre clearatrce can be calcu}ated, fbr irrstance. for tlre
radius r,1 . from tlre fornruia

Q:
a 2lr

f f 
,r,rfira,p:

00

12 ęśn f 2 12 ,pś3lr f 2:l l p(l,,ę)rrl;rrlr*l l ,C,ę)rct,rctę. (17)
Tt ęż-nl2 1,1 Q)rl2

2r'I'I f , _\ ldp(rl.ę) ,

ą J \u,,, ł cyf 1 cos d" ffdv
0

(15)

łvhere t]re clerivative @ĘP is srrbstitttted sirrrilari;, as in Eq. (14). Due to t]re
lrecessitv of lreglectirrg the points of discolrtirruity, deter.rrlitrecl by g: lrf2, we
nrust dil'icle ttre itrtegra,tiorrs in tl,vo larrges. Due to clifficulties colrnected r,r,itlr t]re
łuta]vtical solrttiorr of trq. (14). aiso tlre solutiotr of tlre approxinratecl trq. (15)
Se€lns to be.justifiecl. I'Ire velocity at the subsequent points of tlre clezrrance can
be calculated by rrrearrs of formrrla (14) oL by nrealrs of iteratiorl.

lVe nay asslrrr}e r,vitlr a fairly good accllracy tlrat the flor,v tlrrouglr the clear-
arrce shorvrr irr Fig. 1 ccluals to the flo,1v tlrror,tgh tr c]ezrrance r,vitll a corrstarrt
a,-,r. Łhe t,enraitring cliurensiotrs and tlre difference of pressure pt - pz being tlre
sal]le, as lras been provccl by tire atrtl,iysis presentecl in [10] ancl lry experimelrtal
irrvestigatiorrs dealt lvith in [4].

In tire ca,se of suclr arr assunrption the volrttrretric florv rate carr be calculated
by trretrns of tile tralrsfo.nred fornrula put foru,arcl bv Hulrrr |14]

(16)

Axial force and the momentum caused bv pressure
in the clearance

Tlre lr'hole axia,l fbrce exerted on tire stopper t,ing ol slip-rings is tlre resrrlt of
tlre plessure irrsicle tlre c]eartrtrce. 'I'lre fbrce of this pressure anrounts to

Fu: Fo2 ł Fu1

'Ilre asYnetric distribution of plessure in the clearance leads to tire occrirence
of urorrrenttlm, tvhose plojections on tlre Ł],xes ,, arrd y in tire coordinate systetrl of
tłre tlssturrecl al'rarrgenetlt can be ca]cu]atccl nraking use of tlre follorving formulae

r.z aś3lr l2
p(,r,ę)r2 sittęclrctę + ,| l 

,p(r,p)rz sinęcl,r.d,ę, (1B)
rt ężrf2

Q : fp, - pz *#ol -,2)]ilHftJ

r,: ęśr/2
M,: I lrt ę}-r/2
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Mu:
12 ęlrl2IIrt ę}-r 12

12 Pś3lr /2

p(r,ę)r2 cos ęd,rdq - | l p(r,ę),r2 cos ędl,dę.
rt ę)n /2

(19)

(20)

The nromentlm M acting on the slip ring amotlnts to

Tlre angle between the direction of action of the vector of the momentum M
arrd the axis r is calculated by nrearrs of tlle formula

9M: arctg(M,f M,). (2l)

If 0 < ąnr ś n, tlre monrerrtum M cotrnteracts t]re contact of the slip-ring
rvith the stopper ring, and if n ( ąnr 12r, it will tend to a cotrtact of botlr these

rings within the frame of the elasticity of the strtrcture.
In spite of tlre divisiorr into regions, in wirich tlre points of discorrtirrtrity (p :

Łr l2) irave been neglected, the fbrrnulae (17-19) gives rise to complications.
sirnilarly to fornrulae (15), which necessitates as iterative integration. This can

be done fol cotrcrete data.
The strrface of tlre rings was divided into 1{ segnrents corresponding to the

angle A<p, w]rich in orrr calcrrlations was assttrned to be Lą:Io. Eaclr segmelrt

was dividecl into l/ elementary fields, all of them havirrg tlre same width Ar. In

tlre quoted exarrrple it lras been assumed tlrat i/ : 100. In order to assess tlre

assumed angle and raditrs, tlre calculations were repeated with tlre ptrrpose of a

multiple division. Tlre restrlts of these calcrtlations differed in the case of ftrrther
places.

T}re strnrs of tlre products expressing the pressure forces exerted otr tlre ele-

rnentary fields were calctrlated by means of tlre equation

^r11 : In?i,,łi)ri, A^ęLr
i:I

where ęi : i Lg ł L9f 2,

Ti: TL ł i,L,r,
iy'Ar:TI-T2

wlricir were tlretl strnrmed trp for tlre entire surface of the rirrg. Thus, the entir-,

axial force acting on the rirrg arrrotrnted to

K
Fa:D Fj

j:0

Mł+Mł

(IT--
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wlrcre KLę:360o:2rr.
The coefficient of the axial force resulting from the excess pressure inside the

cleararrce compared to tlre plessule p2, cdn be calcrrlated applyirrg the fbrmuia

ł : |Fo _ p27r(r22 _ ril)l @ - p)r(r| - r?). (:22)

In order to calculate the momenttrm acting on tlre ring, the subsequent sums
of prodtrcts had to be calcrrlated

N
l,r i : I n(ri, ę )r| A,r L,ę.

i=I

The projections of tlre vector of the momentum on the coordinates were calculated
as foilows

R
M, : D. tWi sin(<p3),

s:7

K
Mu:D1/.icos(py).

99

j:1

The momentvm M was calctrlated using formula (20). TIre angle rpy between
the axis r and the vector of the momentum was calcuiated by means of Eq. (21).
For the ptupose of calculating both the axial force and tlre momentum the va}ues
of pressures calctrlated by means of Eq. (12) or iteratively applying the formula
taken from Eq, (12a) as well as (13b).

7 Character of the flow through the clearance

Eq. (1a) describes Poiseuille flow tlrrorrglr a clearance, wheteas the Eqs. (2a)
and (2b) describe the Cotrette flow, both rreglecting and taking into accotrnt t]re
pressule gradierrt. Dtre to clranges in the widtlr of a clearance with flat walls in
tlre aforesaid pherromenon we can detect elements of the Jeffery-Hamel flow [1].

The clraracter of t]re flow can be deternrined basing on Reynolds number,
which is in the case of the Poisetriile flow throug}r tlre clearence expressed by the
following formula [1]

(1Ba)

(19a)

(23)Rep - 
Zau"*

u

and in the case of the Couette flow by the formula:

Rec -
aD9m

(24)
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gfadient it cclrrals half tlre peripircral speecl u of the wall).

L.::__:lr.l, ffours irr a clctrralrcc are linrited bv critical Re nrtmbers. In tlre case of
P,,::t'--:i]le's flow R,ep,".:3000, and for Colrette's fi,ow Re6,,,"r:1300 [1],

Tire described pherrorrrelloll of flows is a superpositiorr of botlr tlrese flows,

lj_e boundary conditiorrs beirrg described by two Reynolds lltllllbels. Drre to
:,;:,bulization of tlre Couette's flow tlre coefficient of resistance of tlre flow throrrgir
lile clearance glows, whereas an increasc of tire Reynolds number in Poiserrille's
flor,,- is connected witlr a redlrction of the coefficient of resistatrce [5, 6].

Tlre flow in a fa,ce clearance can also be defined as an internrediate phe-
norrrelloll betr,veełl the flow in a longitlrclinal r;Iearance with a rotating itrner wall
arrd tlre flow tlrrorrg}r suclr a clealance witlr a rotating extel,tral wail. Irr tlre first
case tlre critical Reyrrolds lrrrnrber Re6: reaclres i_l, vłrll.re of 1900, atld in tlre latter
case thc florł, ilecorrres unstable already at tlre sttrge of lanrinar ntotiorr. This
lrra1, be due to tlre effect of centrifr.tgal forces dlrrirrg tłre crrrvilinear rrrotion of the
liquid, rł,lren tlre velocity fi,on tlre center of tlre clu,l,e torvards tlre externa,l sicle
of tire flux itr tlre {blrrrer case gr,ows a,trd iu tlre latter one decletrses [15] .

In tlre l,egion of the irrlet to tlre clearance its clraracter is deterrrrirred by
Reynolds nttttlber, sirrrilarly as ilr the case of tlre florv arotrrrd tlre rotating disc,
and is defined by the forrrrrrla [1]

R"11 : "2 (25)
u

Investigations cluotecl by Scirlichting [1] inclicate tlrat if tirere is no forced flow,
tlre florv around tlre rotatirrg clisc passes over fion a lanritlar flow to tr turbulent
one rvlretr Re : 3.105. Florrr Wagtret"s irrvestigatiorrs [5] it results that itr spite of
a tulbulent flou, in front of tlre clearance, itrside the clearance tlre flołr, becomes
larrrinal. Tlrlrs, for instancc, itr fiotlt of tlre cletrratlce Rc11 : 4.47 . I05 blrt inside
it rve lrave a laninar florv: R.ep : 2300, R.e6, : 1300. Frorrr tlre regiotr outsicle
tire clearatrce tire licltiid flows betrveetr tlre disc and the casing with a considerilble
witltlr itrto a r,el,y t}a,I,Io\Ą, cieararrce betrł,eerr the slip arrd tlre stopper rirrgs. Suclr
a clrange of tlre conditiolrs of flow is connectec1 rvit]r tlre qrralitative increase of
tlre fbrce of intelrral frictiorr vel,stls tlre forces of irrertia atrd latninarizatiotr. Orrl1,

:f Re6l : 1500, tlre florv tlrrougir tlre cleaI,ance clranges its clrt1,1actel, I}lo],e visibly.
Ill older to calculate tlre,ni1,1rre of R.cp, tire radiai velocity irr the clearatrce

,l_ be found using, for itrstatrce, tlre lbrnrula (13). Stibstitrrting z: af2 we can
,,- ,._ł:e tlre trraxitrrtrnr radial velocit;r, and tlre average velocity of tlre lamitral

: ", . ,__ 
-be 

defirreci as 2f 3 of tlre maxinrtrn velocity. In tlre case of t]re disctrssed
'. , - __-. ..,.-c],Łlg€ r,elocity irr tlre cieararrce clranges both alorrg the raditrs and alotrg
' _1. : __ 

-_t.:'errCe.
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If the Width of the Clearallce val,ies, also the Reynoicis lltllnbel wili change
along the cleal'ance as rvell as insicle the cleartrtrce. Irr the zorre of a llarlower
cletlrance there may occtrr a latnina,r flow, and ilr t}re zone rvith a greater widtlr
tlre flow can be tur.bulerrt.

8 Numerical example

The trutnerical values lrtrve been chosen irr suclr a way tlrat the flow rvotr]cl be
laminar in tlie wltrlle clearance, i.e. Rep < Rep6, and R.e6l ( Recrł.. For t}re
sa]<e of a better rrnderstanding of tiris riescription the following nutlerical values
have been asstrrrrecl: p:1000 kg/m3, p:0.0011404 kg/nrs (zr.s for water at a
temperatule 15oC), r.,l: 150 s-1, ?-1 :0.075 m1 T2:0,1 nr, orr,:0.00005 nr.
Futlcianrental ctrlclriatiot}S were cłu,liecl ortt fol, tlre angle of convergence of this
clealance a : 0.00046. Tlre rnost possible convergerr." Óf the clearatrce r,vii1 occlll
wlren rP: r-will be a: anlilr:0 zrnotrrrtirrg to r:l:0.0005 rad.

8.1 Centrifugal flow

At t]re iniet to t]re clearance tlre pressule on tlre radius 11 amo.lnts to p, -1200000 N/-', w]rereas tlre pressure at tlre orrt]et cross-section of tlre ciearance
it anrounts otr the radius 12 to p2 : 600000 N/nl2. Assunring tlrese valtres,
tlre Pressure P alorrg tlre circutnference of tlre clearance and in expansiorywas
Presented on diagrams fol the subsequerrt radii. tr'igrrre 2 shows the pressures
calcuiated bY nreairs of Eq. (12), and Fig. 3 t]rese sa,trle pl.esstlles calculated by
rrrealls of equation (13b).

ComParirrg Fig. 2 and Fig. 3 lłę fincl that tlre solirtiotrs are quite silnilar a,nd
differ orriY nurnerically. Itl clrder to assess the ciifferences itr bot}r cases the force
Ą, the trrorrrerrts M*,M,y,M. as well as tlre angles pr were ca]culatecl:
Ca,lculations: t-r,pplyingequation (12): applvirrgequation (13a):

Ę:12394,4 N
ł :0.5029
M. :57.185 Nnr
Mr:46.1 Nn
M: 73.455 Nnr

: 12074.7 N
:0.464I
: 48.504 Nrrl
:37.07 Nrn
= 61.05 Nn

9M :0.6785 rad : 3B.9o : 0.6526 rad : 37.40
Disregarding motions of tlre order ( elQ+e) :0.333 to 0,25 tlre differences
between tlre calcrrla,ted compotents Mr, M, of the momentlm M are of tlris
order. DiscrePancies betweerr tlre values of ihe calculated forces Ą and angles
p6, lrowever, ale much snraller. If the value of tlre angle 9x is negative, tlre
ttlometlttim actirrg on t]re slip-ring cortrrteracts its contactirrg tlre stopper ring,
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Figure 2. Centrifugal flow, Pressures field in the face clearance with a rotating slip-ring.
culated by means of Eq. (12).
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Figure 3. Centrifugal flow. Pressures field in the face clearance with a rotating slip-ring, Cal-
cuiated by nreans of Eq. (13a).
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Ftrrtlrer results łrave been quoted for solutions obtained by applying Eq. (13a).
Fig. 4 illustrates the influence of the convelgence of the walls of the clearance on
tlre maximlrrn plessuTes along tlre radius, and Fig. 5 orr tlre mininum pressuTes.
From the diagrams presented in Figs. 4 and 5 it results, that with the growing
convergence tlre presstrre increases progressively irr th.e clearance just before its
narrowest part arrd drops immediateiy beyond it. Actually maximum pressLlles
may be reduced due to tlre declease of viscosity of the liqrrid, restrlting from the
rise of temperattrre broug}rt about by friction. Also minirntlrn pTesstues will be
restricted to tlre boiling plessllre of tlre liquid flowing through tlre clearance.
Fis. 6 presents the dependence of constitueŃ and cotnplete monrents on the
convelgence of tlre clearance. The intensity of the centrifugal flow, calctrlated
by means of Eq. (16), amounts to Q : 0.1226 1/s. In the whole ciearance the
Reynolds numbers Rep and Re6, are smaller tlran tlre critical ones. In the case of
such an ang|e gxa tlre moment M counteracts tlre convergellce of the cleararr,ce.

8.2 Centripetal flow

Outside the cleararrce the pressure lras been assunred to be p2 : 1200000 N/-' ,

and inside pr : 600000 N/m2. Similarly as in tlre case of the centriftrgal flow,
the pressures were calculated along the circumference, as sltown in Fig. 7. Then,
ana}ogically as in the case of tlre centriftrgal flow, the force and the momen-
ttrm were calculated, actirrg on the slip ring and the stopper rirrg at a cen-
tripetal flow, As a restrlt of calcrrlations tlre following values could be deter-
nined: Fo : 17727 N, ,/ : 0.42203, M, : 48.504 Nm, Ą : _37.103 Nnr,
M :6L07 Nnr, cpy :0.653 rad: -37.470, Q :0.1767 lls, In the case of
such an angle cpl,r the monentutn M leads to arr increase of convergence of the
clearance (within tlre franre of tlre elasticity of the construction), i.e. the effect is
opposite to that of the centripetal flow.

8.3 Flow in the case of immobile walls of the clearance

If the walls of tlre cleararrce are immobile, this phenomenon can be reduced
to Poiseuille's flow tlrrorrgh a flat-walled face clearance with a variable widtlr.
Tlretr, in tlre case of a centrifugal flołv tlre pressure is distribrrted in the clearance
as slrown in Fig, 8, whereas in tlre case of a centripetal flow the pressure is
distributed as slrown in Fig. 9. In tlre case of the centriftrgal flow the calculated
values were; Ą:72074 N, ry':0.4647, Mr:0 Nnr, Mu: M:37.09 Nm,
9^[: (nl2)rad:90o. In the case tlre cerrtripetal flow, on the otlrer hand, these
values amoutrted to: Fo : 1,1726 N, ,ry' : 0.42203, M, :0 Nm, M, : M -
-37.09 Nnr, <py : *(lrl2)rad: -90o. Tlre diagranr slrowing the distributiorr of
I)Iesstrres arrd tlre calctrlated values irrdicates that ilr tlre case of a centrifugal flow
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Figurc 4. Ceni,rif'ugłrl flow. \.{axirrrun pressures along t;he la,dius, at variotls conr.ergetices a of
the rvali of l;łte clearalrce. cł: 1)0.0001; 2) 0,0002; 3) 0.0003; 4) 0.000a; 5) 0.000aa; 6)
0.00046; 7) 0.000,ł7; 8) 0.000aB; 9) 0.000485; 10) 0.00049.
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Iiigure 5. Centrifugal flow. Nlinin-runr pressures alorrg tlre radius, al, valious coll\|ergel}ces ćt ,
ti.e rvall of thc cleararrce. cl: 1)0.0001; 2) 0.0002; 3) 0,0003; a) 0.0004; 5) 0.00044; ,]

0.00046; 7) 0.00047; 8) 0.00048; 9) 0.000485; 10) 0.00049.
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Figure 6. DePenclence of constituent and full monrenl;s on tlre col]vergence cr of t}re clearance
alrd the arrgle Płr betrv'een the rlect,ot, of tlre mornenrrrturrl l,4 ancl tlre :rxis x.
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Figure 7. Centrilletal flow. Pressrrre fielcl in the face clearance with a rotating slip ring.
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Figure 8. Centrifugal flow, Pressure field in the face clearance with ir-rrnrollile walls.
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Figure 9. Cerrtripetal f]ow. Pressure field in the face clearance with inrmobile walls.
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the nronentun]. counteracts the contacting of the walls of the clearance and tlrat
in the case of a centripetal flow just the opposite is the case.

9 conclusions

The analYsis dealt with in this paper shows that the description of the flow
throtrgh the face clearance by means of equations of motion, simplified to expres-
sions of the order > € l 0 * że ) provides an image similar to tlre descriptiolr by
means of eqrrations simplified to expressions of tlre order e3 (taking into account
tlre circumferential stresses). The differences between tlre calculatecl values are of
tlre order e and are the smaller tlre smaller their va]ue [10]. In a slrorter clearance
satisfactorY results can be obtained appiying a mole sirrrplified description. The
term 'short clearance' means that the ratio e is of the orcler 0.1 or less. Srrch a
geometrY of tlre clearance is to be found in slip-seals wlren the pressure of tlre
rings is not sYmmetrical and the boundary flow passes over into a laminar one
[10], In the case of a longer clearance this phenomenon is qualitatively of a sim-
ilar character, although values calculated by means of equation (12) may difier
substantially from tb,ose calculated more precisely.

The Presented analysis of a laminar flow through a face clearance indicates
tlrat the distribution of pressure inside tlre clearance depends to a large extent on
its convergence. In tlre case of a centrifugal flow the momenttrm caused by the
force of Pressule in a face clearance witlr a convelgence a can prevent dry friction
if tlre suPPort of the ring is elastic. Tlris effect was confirnred by irrvestigations
described in [7] and [B]. Makirrg use of this effect, a l}ew design of a balance disc
was develoPed, described irr tlre patent [9]. If we have to do witlr a centripetal
flow, the serrse of tlre vector of nourenturrr is just the opposite. A depression of
pressure behirrd th.e contraction of the clearance lnay lead to a cavitation arrd
give tlrerefore, rise to erosiotr. Tlre constituent of the trromentlm M calcrrlaterl
at a rotational sPeed equal to zero is identical to the rotational speed of, the sli,1l
ring assunred in the numerical example. Hence the corrclusion nay be drawn tlrat
for tlre asstrmed geonretry of the clearance and pressure drop tlre constituent of
the nromenturrr M is constant over the whole Tange of rotational speeds. Neitlrer
does the value of the axial force Fo i.e. the bearing capacity of the s/zp ring of
the balarrce disc, depend on its rotational speed.

The calculations presented in this paper may find application botlr in the
suggested rallge of parameters of tlre operation of tlre balance disc in a multi-
stage centriftrgal pump and for axial slide bearings fed with oil trnder adequate
preSSure.
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