
INSTITUTE OF FLUID=FLOW MACHINERY
POLISH ACADEMY OF SCIENCES

TRANSACTIONS
OF THE INSTITUTE OF

FLUID_FIOW MACHINERY

L12

tWl
\Tltr

GDAŃSK 2003



TRANSACTIONS OF THE INSTITUTE
MACHINERY

OF FLUID-FLOW
Appears since 1960

Airns and Scope
Transacti,ons oJ the Inst,itute of Fluid,-Flow Machźnery have primarily been estab-
lished to publish papers fron four disciplines represented at tlre Institute of Fluid-
Flow Machinery of Polish Academy of Sciences, such as:

e Liquid flows in hydraulic machinery including exploitation problems,
r Gas and liquid flows i,vitlr heat transport, particularly two-phase flows,
r Various aspects of development of plasma and laser engineering,
r Solid mechanics, maclrine mechatrics including exploitation problems.

The periodical, where originally were published papers describing the research con-
ducted at the Institute, has now appeared to be the place for publication of works
by authors both from Poland and abroad. A traditional scope of topics has been
preserved.
Only origirral and writterr in English works are published, u,hich represent both the-
oretical arrd applied sciences. All papers are reviewed bv trvo independent refelees.

EDITORIAL COMMITTEE

Jarosław Mikielewicz(trditor-in-Chief), Jan Kiciński. Edn,ard Sliwicki
(Ivlanaging Editor) '

EDITORIAL BOARD

Brunon Grochal, Jan Kiciński, Jarosław Mikielewicz (Chairman), Jerzy
Mizeraczy}<, Wiesław Ostachowicz, Wojciech P ietraszkiewicz, Zenon Za-
krzewski

INTERNATIONAL ADVISORY BOARD

\{. P. Cartmell, Un,iuersźty of Glasgow, Glasgow, Scotland, UK
G. P. Celata, ENEA, Rome, Italy
J.-S. Chang, McMaster Un,iuersity, Ham,ilton, Canada
L. Kullmann, Techn,ische Un,iuersi,ttit Budapest, Budapest, Hungary
R. T. Lahey Jr., Rensselaer Polytechn,ic Instźtute (RPI), Tboy, USA
A, Lichtarow\cz, Nottingharn, UK
H,-B. Matthias, Technźsche Un,iuers,itiit Wźen, W,ien, Austri,a
U. Mueller, Fors chung s zentrurn K arlsruhe, K arlsruhe, G ermany
T. Ohkubo, Oźta Uni,uers,ity, O,ita, Japan
N. V. Sabotinov, Institute of Soli,d State PhEsics, Sofia, Bulgaria
V. E. Verijelko, Un,iuersi,ty of Natal, Durban, South Afrźca
D. Weichert, Rhein.-Westf. Techn. Hochschule Aachen, Aachen, Germany



EDITORIAL AND PUBLISHING OFFICE
IFFŁ Publishers (Wydawnictwo IMP), Irrstitute of Fluid Flow Machin-ery, Fiszera 14, 8G952 Gdańsk, Poland, Tel.: -148(58)3411271 ext. 1411Fax *48(58) Ul6l44, Bmail: esli@imp.gda.pl

@ copyrĘht by Institute of Fluid-Flow Machinery, Polish Academy of Sci-
ences, Gdarńsk

Financial zupport of publication of this journal is provided by the state com-
mittee for Scientific Research, Warsaw, Poland

Tbrms of subscription
su'*btto order and payment should be directly sent to the publishing
Ofrr

§łołi ;xenumeraty w Polsce
\l-yd--ctro nlcazlrje się przeciętnie dwa lub trzy razy w roku. Cena nu-

-rryrśĄ- 
zł + 5,- złkoszty wysylki, Zanrówienia z określeniem okresu

Ę-!t rgriskiem i adresem odbiorcy należy kierować bezpośrednio
ro Ę-ry (§ydawnictwo IMP, Instytut Maszyn Przepływowych PAN, uI.lL Er- r4 ff}952 Gdań§k). Osiągalne są również wydania poprzednie.
bit nfuniez realizowarra przez jednostki kolportażowe RucH< a *-m+j,ca zamieszkania lub siedziby prenumeratora. W takim
ffib ndępuje w uzgodniony sposób.

!Ulls



TRANSACTIONS OF THE INSTITUTtr OF FLUID-FLOW MACHINtrRY

No. 112, 2003, 155-170

ROMUALD RZĄDKOWSKI-

Comparison of the linear and nonlinear cumulative
damage theories in transient analysis of a tuned and

mistuned turbine blades

Institute of Fluid-F]ow Machinery, PAS, Fiszera 14, 80-952 Gdańsk, Po]and
Polish Nava] Academy, Śmidowicza 71, Bl-glg Gdynia, Po]atld

Abstract
Mechanical vibrations in turbine stages are one of the most significant reasons for a failure

of bladed discs assemblies in turbines and compressors. A numerical example of a transient
analysis during a run-up and a run-down process and the estinrated fatigue life ofthe tuned and
the mistuned bladed discs are presented, Life estimates are made using tlre linear and nonlinear
cumulative damage theories and a comparison of the results is presented. It is done in order
to show the importance of the consideration of the detuned system and the differences between
the tuned bladed disc analysis,

The blade is modelled on a basis of extended beam theory including a bending-bending-
torsional vibration, The disc is nodelled by the moderately thick plate theory. The equation of
motion is obtained by using the extended Hamiltons principle and the Ritz method,

Keywords: Linear and nonlinear cumulative; Tlrned and mistuned turbine;

C - damping natrix
D - dissipative force
E - elastic energy
F - vector of external forces
h - disc thickness
K - kinetic energy
k - stiffness matrix
_Ę - limiting value of stress

cycles endured
\,I - mass matrix

Nomenclature

R - disc outer radius
S. - endurance limit
Sa - yield stress
,S, - ultimate tensile stress
u - displacement of any particle

of the bladed disc
ud - displacement of any particle

of the disc
u, - displacenrent of any particle

of i-th blade

*E-mail address: Z3@imp.gda,p1
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vector of generalized unknown
displacements of the bladed disc
disc inner radius

U - matrix of displacement
z - number of stator blades

(number of nozzles)

Introduction

Mechanical vibrations in turbine stages ale one of the most significant rea-

sons fol a failure of bladed discs assemblies in turbines and compressoTs. The
dynamic response of the blade and bladed disc has been discussed in the liter-
ature by Rao and others [1--2], Irretier and others [3-4], Rieger and others [5-6-

and Rządkowski[7-9]. These models allow calculation of the dynamic respons€

of the bladed disc assemblies. Some of them even go further and perform life
estimations of a single blade on the basis of appropriate theories (Rao and others

[1-2], [10-11], Irretier and others [3-4], Rieger and others [5-6]). In the present
paper the life is calculated for the mistuned and the tuned blade disc by using the
known method. It is done in order to show the importance of the consideration
of the detuned bladed disc.

2 structural model

The blade model applied here is a one-dimensional beam described by an ex-
tended beam-theory including all important effects on a rotating blade. The beam
is pre-twisted and tapered, with the variable cross-sectional area mounted at a
stagger angle at the blade root. The model was described in detail in reference
(see Rządkowski [7-8] and Janecki [12]). The disc is modelled by a moderately
thick plate theory. The blades and disc are modelled as Hook's material. Assum-
ing rigidly fixed blades on the disk rim, the displacements of any particle of the
bladed disc is written in the form

u: fJq, (1J

where: u: col (rr,...,llN,ua), Q: col (qr,...,![N,Qa), uł is the vector of
generalized displacements of each point of the ith blade, ua is the vector of gen-

eralized displacements of each point of the disc, q; are the unknown functions of
the ith blade and the q6 are the unknown functions of the disc, both describing
the displacement field. The matrices u, Q,U are shown in (Rządkowski [7-8]).

In order to find an approximate solution of the forced vibrations of the mis-
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tuned bladed disc, the Hamilton principle can be used

where: E and K ate elastic and kinetic energies, respectively and 6W and óD are
the variations of external work and the internal dissipative forces, respectively.

Following the above equations, the equation of motion of the bladed disc for
the forced vibration can be found.

stress results

The transient analysis during a run-up and a run-down process and the es.
timated fatigue life of the tuned, the mistuned bladed discs and a single free
standing b]ade are presented.

The bladed disc considered here is a compressor bladed disc of a gas turbine
with 30 blades (see [a]). The important properties of the bladed disc are as given
below: the disk inner radiusl l"6 : 0.05 m, the bladed-disk junction radius: R :
0,316 m, the blade length: L : 0.228 m. The material stress data of the blade
made of steel X ]_0 Cr 13 for an operating temperature of 300 'C are taken as:
the ultimate tensile strength 5u : 610 MPa, endurance limit S" : 275 MPa,
yield stress Su : 495 MPa, and the Young Modulus 216 GPa. The density of the
material is taken as 0,00785 kg/cm3. All geometrical parameters of the blade are
Presented in [7]. The Campbell diagram giving resonant rotor speeds is presented
in Fig. 1, in order to comment on the transient Tesponse of the system.

In the present study an operation is simulated where the bladed disc rrrns up
from a standstill to a rotational speed of 3000 rpm within 25 s, and next runs
down to the standstill within the 25 s. During the simulated process the blade
was subjected to the mean values of lift force ,L6 : 1 N/mm and drag force D6 :
0.1 N/mm and additionally the first harmonic of excitation in a stage of z : 30
nozzles of the unsteady lift LllL0:0.02 and drag DtlDo:0.002. The excita-
tion amplitude is 2% of. the mean value of lift and 0,2% ot the drag respectively.
The natural frequencies of tuned and mistuned blade discs could be classified
into groups. Each group consists of .li frequencies, where i/ is the number of
blades, [7]. The viscous damping ratios for the first group is {1 : 0.00182, for the
second €z : 0.00126 and third {3 : 0.00051, respectively, [10]. Several different
types of blades could be considered by using the coefficients pł1, [9]. For example,
the cross-sectional area of the detuned biade can be calculated from equation
Ai : pf;A, where A is a cross-sectional area of the tuned blade. This iype of
mistuning does not change the length of the blade, only the cross-sectional area.

(2)

+u JĄ

t f ra-Ądt: /ur-D)dt,tI tL
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The resporrse of the bladed disc drrring run-Llp, for different arrangements of :_

deturred blades around the disc, was analysed in [7] and [9]. It was found t:_

the random detuning caused the maximum stress increase in conparison to t__

of the tuned state,
In this paper only one dettrned system is considered, where tlre b]ades d.:

from eaclr other in the range (-7, L)%. Three kirrds of blades (pr. : I, !. .

0.99, p"2: 1,01) are arranged at random (3, 1, 1, 1, 3, 1, 2,2, 2, I,2, 3,3, ] ,

1, 3, 3, 2, I,3, 7,2, 7,3,3,2,1, 3, 1) (see Fig. 2).

um

.liŁcn

/m

0

t lsl

Figure 1. Campbell diagram of the bladed
disc for a zero nodal diameter.
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Figure 2. Arrangement of detuned
arorrnd the disc.

I2
t!

The normal stresses T33 of the ttrned bladed disc and tlre mistuned b_.

disc during lun-up and run-down are calculated using the modal superpo:_,
method, The algorithm and mathematical formtrlas are presented in details _-

and [9]. In tlris case, the first 60 mode shapes of the bladed discs are takel_

consideration in the modal superposition analysis, [13, 7].

It is known that the bladed disc possesses a spectrum of eignfreque:_

which generally depend on the angtrlar speed. At each point of intersect: -,
the eigenfrequency curve with one of tlre excitation lines in the Campbell dia:"
(see Fig. 1), the resonance vibration occurs. Figures 3-6 present the ma_x-_-

blade stress T33, 8,s a function of time, of the mistuned system and the :

bladed discs, during run-up and run-down, respectively. The response pict-._.

the mistuned bladed disc (Figs. 3-4) is slightly different from the response p_

of the tuned bladed disc (Figs. 5-6). The ntrmber of resonances is higher :__

mistuned case. It follows from the fact that for the mistuned system the n:,.
of natural frequencies is also higher, [7] and [9].

Another interesting comment on the response of that particular biade is
the maximum stress appeared very suddenly (for example see Fig, 3 for tlr. "

tx 4s), and next slowly continues to decrease. For another blades, (see [+
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Figure 3. The transient blade response of the
mistuned bladed disc with 30 blades
during the run-up.
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Figure 4, T}ansient blade response ofthe nris-
tuned bladed disc with 30 blades
during the run-down,
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Figure 5, tansient blade response of the
blade of the tuned bladed disc drrr-
ing the run-up.
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Figure 6. tansient blade response of the
blade of the tuned bladed disc dur-
ing the run-down.

response around the resonances can be much moTe Symmetrical. The maximum
StIeSS distribution of the 30 blades for a considered mistuning is presented, in
Figs. 7a and 7b. All the curves show the mean stress as the sum of the static
bending StTeSS of the mean values of the lift and drag forces and the normal stress
due to the centrifugal force field, which increases dtrring the run-rtp phase of the
oPeration uP to its final constant valtre while it decreases during the run-down
period correspondingly.

The comparison of the response picture between the rigid clamped single
blade and tuned bladed disc during run-up was shown by Irretier and om-
Prakash [3]. The natural frequency spectrum of the bladed disc is considerably
influenced bY the blade-disc elastic coupling and hence the points of resonance
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Figure 7. a) N{aximum stress response rgs for all blades around the tuned and mistuned blade:
disc with 30 blades during run-up; b) Maximum stress response 733 for all blades

around the tuned and mistuned bladed disc with 30 b}ades during run-down.

for the b}aded discs would be different from those of the rigidly clamped blade-

[3]. The response maximal values of the bladed disc are veTy much effected i:
comparison with the blade response maximal, which are a function of the blaCe
elasticity at the root, modal force and the bending moment at the root, [3]. The
difference between the mistuned and tuned system is presented here. It demon-

stlates the importance of consideling the mistuned bladed disc analysis in tbe

calculation of the transient blade response.
In paper [9], the maximum stress of the blades of several mistrrned steam tu_r-

bine discs (the length of the blades was -L : 0,765 m) during lrrn-up were sho§T."

The maximum stress increase of the mistuned system (1% mistuning), in com-

parison to that in the tuned state during the rtrn-up, wffi 35.13%, The influenct
of mistuning of the compressor bladed disc with the shorter blades L : 0.228 r
is presented here, Figs. 7a, 7b present the nraxinrrm stless rg at a particula;
blade around the ttrned system and mistuned bladed disc during the run-up ani
run-down lespectively. The maximum stress increase of the mistuned syste[
(1% mistuning) in comparison to that in the tuned state during the run-up §,a;

10,42% and during the run-down was 9,7%. Having the maximum dynamic re,

sponse curves versus time a classification procedure is required to convert this

function into a stress }evel distribrrtion, There exist various techniques dealins
with this problem, [t7]. Here, the rainflow-cycle counting technique are rea}izec

in the life estimation procedure.

The influence of mean stress is taken into account by the fourth order relation
of Bagci [14], which is found to fit well experimental data for steels. When the

alternating stress is of variable amplitude, several ctrmulative damage theories
ale ploposed, the most comnon of them being the linear one due to Palmgrer,
and Miner. The nonlinear theories proposed include these due to Marko-Starkel-,
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Corten-Dolan, Marin, Henry. Gatts and Haibach.

4 Failure surface

The failure surface must be defined before applying the cumulative damage
theories for life estimation. The S-N diagram is defined (see Rao [1, 11])

Log ,S - -A logl/ -l B,
,S: Ę,

103<//<106,
ly' > 106,

where:,4 : 0.33 log (0.9 S"l S"),B : 1og |(0,9 S")2 l S"l, in our case the ultimate
tensile strength S, : 610 MPa, the endurance limit Ę : 275 MPa.
Equation (3) can be written in the form

/i : N"(S/ S")-k, for ,9 > Ę,

where: l/" the limiting value of stress cycles endured, in our case 106, k: LlA,
,4: log (0.9 S"lS")llog(N"l7O3), in our case k: 10.09.

Endurance limit Ę determined from S-N diagram for the mean stress o : 0, is
reduced by the strength reduction factor R1 to determine the adjusted endurance
limit o". The fatigue strength modification factor is defined as (see Rao [1, 11])

Rf : kokuk.k6k"k7, (4)

where
ko the surface factor, for forged steel with ultimate tensile

strength equal to 610 MPa, ko :0.45;
k6 thesize effect factor (see Rao [11] ), kt:1 for d { 10 mm,

where d is the effective thickness;
k" the reliability factor k" corresponding to 8% standard devi-

ation of the endurance limit for g5To reliability is 0.868 (see
Rao [11]);

k6 the temperature factor ka : L for T { 450 oC;

k" the stress concentration factor, k" :7;
kf the miscellaneous factor, kf : L

The fatigue strength modification factor R/ works out to be 0.3906. So the
following has been obtained

o": R7S".

When the mean stress at the point of interest does not vanish, the effect of the
mean stress on the fatigue strength reduction is considered by employing fatigue

(3)
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fai]ure critelion defining the adjusted fatigue srrrface for the specific number of
stress cl-cles to fatigue. In our case the fourth order relation of Bagci is used

oof o.11 - (r-lS)nl,

where: ,S, is tlre yield strength, o* is the mean stress value, oo7 is the alternating
stress. So S-N diagram is defined

Log ,9 - -A log lrl * B, 103 < iir ś 106, lą\
S : o"lL - (o-1S)4], ,^/ ) 106, \U,

where: ,4: 0,33 log (0.9 R7S"lR7S"), [14],
B : log {(0.9 R/S") l -@-lS)4]l0.9 RlS"}, so k : 10.09.

Equation (5) for z-th amplitude ooi can be written in the form (classical Wóehler-
line)

Ni : N"(oolloof )-k for oaż ż o.f i,
oo for oai 1 oafź

(6

5 Cumulative damage

5.1 Palmgren-Miner linear damage theory, |15], [16]

Consider the S-N diagram of a given machine part. Operation at a stre_c=

level9; gives a life of Ą cycles. If tlre blade is subjected to n1 cycles, it suffers 
"

damage fraction Dr:rulNt Failure is then predicted to take place when

P:D Dl:ntlNt+,.,nif Ni>I. (;

It asserts that the damage fraction at any stress level is linearly proportion;-
to the ratio of number of cycles of operation to the total number of cycles tlra-

wou}d produce failure at that stress level. The value AL can be found having t1,.,

amplitude oo1i from oo - N diagran in form of Eq. (6). The stress amplituoł
below the fatigue strength do not contribute to the estimated fatigue damag=

This assumption, however, is known to be insufficient for the damage procĘ]
of stochastic stress in many cases. Modified hypotheses of cumulative fatig:.
damage were developed which also consider the damage contribution of the=,

stresses. In particular, the hypothesis of Haibach [17] and that described Ł

Corten and Dolan [18] can be considered (see Tab. 1).

Haibach [17] suggests the usage of a double line S-N diagram, the first c:_,

similar to the classical S-N line arrd tlre second one that continues into region ,:

fatigue strength with a different slope

Ni: N"(ootloofl)-k ooi ż oo7,;.

(8)^ł: N.(oo1f oo7)-(zn-l) oo6 ś oo1i '
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which corlesponds to the continuation of the decreasing culve of stress amplitude
veTsus the number of cycles, also beyond the limiting value of stress cycles endured
by a straight line with approximately half of the slope than above this point.

Corten and Dolan suggest a modification of S-N diagram to be defined by
one line in the entire region given by

Ni: N"(ooolooft)*h* ,

where: Ę is the limiting value of stress cycles endured, k* lies between 0.8 k
and 0.9 k (taken as 0.B5 k in the present case) and k is an exponent depending
on the material, which yields stress-cycles with slope more than the classical S-N
diagram, but continues into the range of fatigue strength.

One of the serious drawback of the linear theory is that it does not recognise
the order of application of various stress levels and damage is assumed to accu-
mulate at the same rate at a given stress level without consideration of history.

Table 1, Life Estimates (cycles x t0-7) for a single blade of bladed tuned clisc during run-up

Classical S-N Coten-Dolan Haibach

2.35 9.28 5.46

5.2 Marco-Starkey damage theory, [19]

Marco and Starkey suggested that the damage for each level of reversed si-
nusoidal stress amplitude may be represented by the exponential relationship

Di: (nif N,i)^, (10)

rather than the linear equation assumed by Miner, where the exponent m de-
pends on the amplitude of the alternating stress. One of the problems with the
application of Marco-Starkey's theory is the lack of material data for the expo-
nent m for different values of stress levels. A study of sequential load test data
for SAE 4320 steel obtained by Marco-Starkey given in Tab. 2 (Rao at el. [10])
suggests a simple procedure to account for the non linearity in the damage.

The value of |(nilN1)oug gives the average for all the specimens tested under
a particular set of values of the first stress level o1 and the last stress level o2. The
value of D(rulNl,)^ar< was computed for one specimen of the set which showed the
longest total life. The value D(rulN)-;,, w&s computed for one specimen of the
set which showed the shortest total life. when the stress level is increased from
550 MPa to 825 MPa in the number of steps 1/ : 20 in a continuously increasing

(9)
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Table 2. Sequential load test results for SAE 4340 steel [19], [11]

First stress

level

Last stress

Ieve1

No. of

Steep

Arrg.

|(nrlN,t)

Max.

|(nllNl)

Min,

|(nllNl)

N

550 825 20 1.05 1.4 0.9 6

825 550 20 0.6 0.79 0.57 13

manner, the average values of |(nilN.i) is equal to 1.05, the maximum valr:.
of |(nilN1) is equal to 1.4, the minimum value of |(nilN1) is equal to 0,!
Sirrrilarly, when the stress level is decreased from 825 to 550 MPa in the numbł:
of steps, the mean value of D("1,1Nł,) is equal to 0.6, the maxinum value __

D("llNł) is equal to 0,79, the minimum value of |(nilN;) is equal to 0.57. F::
the period when the stress levels are increasing to peak amplitude, the mee:
value of D(rulNt) in this period may be multiplied by a factor f : Il7.05, t',:,

maximum value of D("łlNł,) in this period may be multiplied by a factor / =
1lI.4, the minimum value of |(nilN6) in this period may be multiplied b1- ,

factor f : 1l0,g, For the period when the stress levels are decreasing from t:,,
peak amplitude, the mean value of. |(nilN6) in this period may be multiplie_
by a factor f :110,6, the maximum value of |(nilN1) in this period may:--
multiplied by a factor f :7l0.7g, the minimum value ot|(nilN1) in this peric _

may be multiplied by a factor f : 7lO.Sr.
In our case the stress lesponse around the resonance was discretized to .-

least 20 steps in either side of resonance. The results of the life for a tune_
bladed disc during run-up are presented in Tab. 3.

Table 3, Life estimates (cycles x 10-7) for a blade of the tuned bladed disc during run-up

Palmgren-Miner Marco-Max Marco-Avg Marco-Min

2.35 2.98 3.93 4.I4

5.3 Corten-Dolan Damage theory, [18]

This theory recognises the need for postulating the initiation of permane- -

damage, somewhat similar to fracture mechanics theory, bringing it closer :

the advanced concepts of fatigue failures, see Barsom and Rolf [20]. Using ti_:,
property, they have shown that failure can be expected when

D : ntlN^u* ł nzlN^u*(o2f o^*)' + . . . + nlfNm'x(otl o-u*)d, (.-
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where ly'*r* is the number of cycles to failure at the highest stress amplitude
oma;( and nl are the total number of cycles imposed at each stress level a1. For
steel the exponent d is found to be in the range between 6.2 and 6.9 with the
mean value 6.57.

Corten and Dolan suggest a modification of S-N diagram to be defined by
one line in the entire region see equation (9).

ó.4 Marin's theory, [21]

Marin assumed that equivalent number of cycles n1 at reference
§1, that would prodtrce the same damage as ni cycles of operation at
stress, can be expressed as

nię: nl(SilS)a,
where g is an exponent that can be determined experimentally.
The damage ratio

D : nt l Nt + n2 f N2(o2 l r^u*)q + . . . + ry l N1(o1 l o-*)e,

where Q: k - 0.657k:0.343 k.

Ievel, say

^9; 
level of

(12)

(13)

5.5 Henry's theory, [22]

When referring to the S-N curve the number of cycles N, of life expected at
a given stress level ,9, is called the "endurance life" at that stress. "Stress" or
"Stress level" refers to the amplitude of a stress variation which is sinusoidal.
"Overstress" is defined as the ratio of the amount by which the stress exceeds
the endurance limit to the endurance limit. In the case of steel, overstressing
manifested itself in one of two general ways in so far as its effects on subsequent
fatigue behaviour ale concerned. It reduces the endurance life at all stress levels
which are sufficiently high to produce failure. It affects the endurance limit, thus
affecting the ability of the specimen to withstand subsequent stressing.

Henry accounted for the fact that the fatigue limit gets reduced when a
specimen suffers damage, i.e., the S-N curve gets shifted as damage accumulates.
The relation between the damage D and the fatigue limit is expressed as

D: (S"- S.a)lS", (14)

where Ę is the original fatigue limit of the virgin material and Ę4 is the fatigue
limit after the damage reduced from Ę.

The S-N curve itself is assumed to be represented by an equilateral hyperbola
refereed to the stress axis ,S, and a line passing through Ę parallel to the i/ axis
as the asvmptotes.
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The above theory due to Henry can be extended to a sequence of different
alternating stress amplitudes in the order of applied stress levels. Each time of
application of a stress level oo1 ż ool"i, the current fatigue lilmit oo1",; should be
updated. Thus, a sequence of the updated fatigtre limits will be obtained, say
oaIclloaf c2l,,. after application of n1 cycles of stress level oo1, then n2 cycles of
stress level oo2 and so on. Henry's theory therefore allows us to determine the
diminishing fatigue limit as damage accumrrlates. Thus

P : D nil(NiA), (15)

rvhere

At : 7 ł |o"7"1f (oot - ool.t)](7 - nilIY,;) for oąi ż oo1"i, (16)

oaf ci: {ra(7 - ntlNl)}l{@"o - oof)loolt + (1 - rylNt)}.

5.6 Gatts' cumulative damage theory, [23]

(17)

Gatts' damage theory is based on the dependence of fatigue strength and fa-
tigue limits on the number of cycles of stress and that such change is proportional
to a damage function D(S), i.e.

DSildn: hD(S), (18)

where: 51 is the instantaneous value of strength, n is the nurnber of stress cycles
applied, k1 is constant of proportionality and D(s) is the damage expressed as a
function of stress leve}.

Failure is then predicted to take place when

D: 
' 

rulNł,:DAnlau,

where
Al : 7l (ool * oafi.) - Ll @", - aofci),

Bt : (om - oofi) - 7 l {o"i(I - C)},

oaf ci.: ooil7 - tl{(nilN)lC + ooif (ool - oofl)(l- nllNl,)}, (22)

The material constant C is usually found to be 0.5, for most of the steels. This
equation provides a direct method for calculating the effect on the endurance limit
of fatigue damage specified in terms of cycle ratio and stress-amplitude ratio, This
equation is similar to the equation developed by Henry from consideration of the
difference in the s-N diagram for damaged specimens as compared to the s-N
diagram for undamaged specimens, [22]. For C:0, the above reduces to oo\.i
from the Henry's theory.

( 19)

(20)

(2I)
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5.7 Manson's double linear damage theoty, |24]
In this theory, the concepts of fracture mechanics are implied by recognising

crack initiation and propagation aspects during the damage suffered by a spec!
men. The crack initiation period is denoted l/' and the crack propagation period
is defined by the number of cycles for failure after the crack has been initiated
and denoted by //p : PNf then

/y'/ : ly'/ -.l{p : Nf - PNf , (23)

where //y is the total number of cycles for failure including the crack initiation.
P is propagation coefficient and p is propagation exponent,

Manson found p : 0.6 and P : 14 from several experimental results, thus

/ip - t4N:6 , /y'':N/ -14N!''6 (2ł)

The above results are found to be fairly accurate when l/J > 730 cycles. For
failure occurring with less than 730 cycles, it is found that the crack initiation
takes place in the first cycle of loading, because of the high stress level that is
involved with very short lives. Miner's rule is then adopted by Manson for the
crack initiation and propagation phases separately. Fatigue nuclei of critical size
are initiated when

n1 l N'1+,. . ., *n-f N| : 1, (25)

This equation is applied until a crack is initiated, Fatigue cracks are then prop-
agated to failure after cracks of critical size have been initiated and when

nlf I]/'p1*,. . . ,łnrlNl"r: I. (26)

In both of the above phases, n is the number of cycles applied at the ith or jth
stress level. The above equation then determines the life for crack propagation
period,

6 Numerical results

The life estimation of tuned and mistuned bladed disc during run-up and run-
down obtained by different cumulative damage theories is compared in Tabs. 3-5.

Marco-Starkey theory predicted lower life in comparison to the linear theory.
The effect of decreasing stress amplitude is predominant, Marin's and Corten-
Dolan's theories predict also higher life over linear theory and Manson's theories.
Manson's theory estimated life similar to Palmgren-Miner values.

Henry's and Gatts' theories give the wlong results here. The blade has ac-
cumulated a veTy small amount of fatigue damage for a high stress, because



168 R, Rządkowski

of the low value of n; maximum stress cycles, so in Eq. (15) values ,4i :
I*|o"7"1f (o"ł,-oola,)](I-nilN1) assumed the values bigger then 2 so the results
of the life is smaller in comparison to the other theories. The similar situation
can be observer for the Gatts' theory.

Table 4, Life estimates (cycles x 10-7) for a tuned bladed disc during run-up

Palmgren-Miner Marco-Starkey Corten-Dolan Marin Henry Gatts 1\Ianson

2.358 3.930 9.280 6,796 0.04 0.04 2.4I5

Life estimates (cycles x 10-7) for a tuned bladed clisc during run-down

Table 5, Life estimates (cycles x 10-6) for a mistuned bladed disc cluring run-up

Life estimates (cycles x 10-6) for a mistuned bladed during run-clown

7 conclusions

The results presented here (see Tabs. 4-5) enphasise importance of the in-
fluence of detuning and the elastic coupling of the blade-disc on the expectd
fatigue life. The analysis of the single blade and the tuned bladed disc are not
sufficient.

Marco-Starkey theory predicted lower life in comparison to the linear theor1,.
The effect of decreasing stless amplitude is predominant. Marin's and Corten-
Dolan's theories predict also higher life over linear theorv and Manson's theories.
N,lanson's theory estimated life similar to Palmgren-Miner values.

Henry's and Gatts' theories give wrong results here.

Received 20 February 2002

Palmgren-Miner Marco-Starkey Corten-Dolan Marin Henry Gatts Manson

5,502 9.171 14,947 8.989 0.772 0,171 5.645

Palmgren-Miner Marco-Starkey Corten-Dola,n Marin Henry Gatts Manson

1,191 1,984 3.356 2.426 0,08 0.08 7.227

Palmgren-Miner Marco-Starkey Corten-Dolan Marin Henry Gatts Manson

I.II4 1.856 3,065 2,186 0.06 0.06 1.146
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