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Summary. Approximate theory of a laser resonator filled with a non-linear active medium is pre-
sented under the assumption that the gain distribution over the transverse cross-section of the
resonator is parabolic. The paper includes calculations for media having uniform transverse gain.
The results suggest that the mode patterns are identical in both cases. It means that the influence
of a parabolic radial gain distribution on the field distribution in the active confocal resonator is
negligible within the gain range examined.

1. Introduction. Electromagnetic field distribution over mirrors of an active laser
resonator and resonant frequency of such a resonator depend on its geometry and
on parameters of an amplifying medium the resonator is filled with.

It is due to difficulties, mainly mathematical, resulting from taking into consi-
deration the effect of propagation of radiation in a non-linear and non-uniform
amplifying medium, that the problem of determination of field distribution and
__resonant frequencies of a laser resonator — the parameters of which determine
1 mode (type of oscillations) of the resonator — is usually confined to solving the
problem for a passive resonator. This means that only the resonator geometry
influence on the modes is taken into account whereas the influence of the ampli-
fying medium is neglected [1]. Such simplification of the active laser resonator
theory does not fully describe generating features of the laser resonator-active
medium system.

The paper by Li and Skinner [2] presents one of the earliest approaches to the
problem of a real active laser resonator. Nonuniformity of a linear amplifying
medium transverse to the resonator axis was taken into account there. It was shown
that in the case of small nonuniformities of the amplifying medium the modes of
an active resonator under consideration differ but slightly from those of the corres-
ponding passive resonator.

The further step into the theory of the active resonator was taken by Statz and
Tang [3] who assumed non-linear features of the amplifying medium, resulting
from the gain saturation due to the increase of radiation intensity within the reso-
nator. Owing to mathematical difficulties involved an assumption was made that
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transversely uniform amplifying medium was concentrated in two infinitely thin
sheets next to the surfaces of parallel-plane mirrors. In this model of the active
resonator the radiation is propagating between the mirrors through a passive medium,
whereas gain takes place directly on the mirrors. The above formulation of the
problem of propagation and gain in a laser resonator simplified mathematics of
the problem. The results obtained show that the modes of the resonator are negli-
gibly affected by gain effects. '

Fox and Li [4] extended the approximation of Statz and Tang onto the case
of a parallel-plane and confocal resonators immersed in a transversely uniform
non-linear amplifying medium. Their results of numerical calculations for a medium
with small gain proved those basic properties of a mode, e.g. field distributions —.
over the resonator mirrors, diffraction losses and resonant frequencies of the reso-
nator are identical with those obtained for corresponding passive resonator. Locchi
[5] obtained similar results for a parallel-plane resonator filled with transversely
uniform non-linear amplifying medium.

Presented below is an approximate theory of a laser resonator filled with an
active medium characterized by the parabolical gain distribution, withnonlinearity
resulting from gain saturation taken into consideration. Parabolical gain distribu-
tion was chosen as an approximation of actual gain wstributions in some laser
media [6]. Also given are the results of numerical calculations for a confocalreso-
nator filled with such an amplifying medium.

The aim of this paper was to obtain the information regarding simultaneous
influence of a non-uniform gain distribution transverse to the resonator axis and
a gain non-linearity caused by gain saturation due to increase of radiation intensity
inside the resonator.

2. Mathematical formulation. The analysis will deal with a symmetrical laser
resonator consisting of two identical spherical (or flat) mirrors Z, and Z, (Figure).
The distance between them equals d. Radii of curvature are identical and equa!”
to R. The mirrors are of circular shape with 24 diameter. It is assumed that all
the resonator dimensions are large as compared to the wavelength of laser radia-
tion and that the inequality

) a<d,
typical of laser resonators is valid. The whole space between the mirrors is filled

with a medium, the gain coefficient of which « (r, w) is given by the formula [7]

oo (r)

" i
1+57)
Wo

where o, (r) is the unsaturated gain coefficient (for w<w,), w is the radiation inten-
sity and w, is a saturation parameter. The exponent v is equal to % or 1 for the
inhomogeneously or homogeneously broadened line, respectively.

The gain coefficient of the medium « (r, w) is defined by the formula

€)) dw=oawdz,

@ o (r, W)=
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.where dw is the intensity increment after passing the medium along dz distance
in the direction of propagation.

It is assumed that the gain coefficient of the medium varies parabolically in the
radial direction, i.e. that the o, (r) coefficient is expressed as follows:

r2
“4) %o ("):V-o(]—é;?),

where o, is the unsaturated gain coefficient along the resonator axis (for w<w,),
whereas ¢ is a characteristic parameter of the medium. The above assumption
concerning the gain distribution is justified by the fact that this distribution describes
adequately the actual gain in many laser media [6]. The o, (r) coefficient is frequency
dependent [7, 8]. This, however, was not taken into account in our analysis.

v ™
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Geometry of the symmetrical laser resonator

The Huygens—Fresnel principle [9] aliows expressing the electromagnetic
field distribution w (ry, ¢,) over the mirror Z, of the resonator considered as
follows:

P, (P'xvs @) 2
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is the complex propagation constant k—the wave number and p? is the mirror reflec-
tivity. The function y (r,, ¢,) describes the field distribution over the mirror Z,.
Remaining quantities that appear in the integral equation are defined in the Figure.

The integral present in the exponent of the expression under the integral (5)
can be expressed as follows:

Py (ry, ©1) 1
W) I= f KIP(r, p))ds=k-S+i—1,,
P (ra, @2) 2
where
r2
Py (r1, 01) Py (ry, &) 1-¢—
®) Ty f o (7, W) ds=g ey
Py (ra, 02) P, (rz, 92) [1 S ﬂtﬂ]
Wo

The value of the radiation intensity w (r, ¢) « |y (r, ¢)|? inside the resonator should
be known if the integral I, is to be determined. However, if the analysis will be re-
stricted to media having small gain coefficient («, d<1), the infuence of the radia-
tion intensity increase during one path from one mirror to the other can be re-
cognized as not affecting, in principle, the effect of gain saturation. It will be as-
sumed therefore for the denominator of the expression under the integral (8) that

€) w(r, Q)= w (12, 92).

Using a normalized function describing the electromagnetic field distribution over
the resonator mirrors:

w (7, 9)

1'/ Wo

(10) Ly, )=

b

and the following approximation of the distance S between two points P, (r; ¢,

and P, (15, 9,)

(11) Szd-!—zéd(rvarf)—IIIZCOS;;%_%) where gzl—éi,
one obtains [10]
(12) 1,= T (V;oz, oI ld+ gzjﬁ (rf—‘rr%)—f#cos ((,71—992)].
Here i
. éas
(13) B= 3

Taking approximately S=>d in the denominator of the expressi on under the integral
in Eq. (5) one obtains:
a 2n

(14) v (ry, ¢1):Pf f Hris 015 72y @2, W* (2, 02)]1 12 dradp, .
0 0
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where the kernel  of the integral equation has the form:

15) Hris @15 725 @2, W* (12, 03)]=
=HD (r1, 91, 125 02) K P (11, 015 72, 02, Y (125 92)].
The function
(16) HD (ry, 91,72, 02)= ik eXp{— < [g (ri—r3)—2r; rycos(p1—¢ )]}
’ L > 27l'd 2'd 1 2 172 1 2

is the kernel of the symmetrical passive resonator [11], whereas the function

1
a7 AP [ry, 04, Fay 02, W (1, 92)]=€xp (7 11)

describes the gain the wave is subjected to when passing from the point P, (r,, ¢,) to
the point P, (¥4, ¢;). It can be assumed for a medium with small gain (x, d<1) that

(18) %(2)=exp(—;—ll)zl+%ll.
For axisymmetric solutions of Eq. (15), i.e. for the solutions where

v*(r, p)=R, (r)exp [—inp], n— integer,
the expression (18) can be averaged over an angle ¢ =¢; —¢,. The function thus
obtained describes the average gain along a path from any point of the circle the

point P, (r,, ¢,) belongs to, to any point of the circle that comprises the point
P, (r1, 0;). The average gain & is equal to

o [d+ E 2d/))(rf+r§)]

{2 1+[R, (r)]}

(19) ‘7?(2) [r17 Vo, Rn (r2)] :1 +

Further, using the relation [12]:
1 2r
20) exp [in (%— ﬂ)]-[n (x y)=—2; f exp {i [x y cos («— f)—nal]} do
P <

one obtains the following integral equation for the function R, (r)

1 .
3 = r
(21) Rn (ﬂl):p f fle) (’71, 772)'%(2) [’719 7727 Rn (’72)] Rn (’72) d’?z > Where ”=; ’
¢}
(22) AP =i"+12nNn, I, 2nNy, 1,) exp [—iNng (73 +73)],
B .5
%o d 1—?(’7;'“72) a2

7 =1+ Slevall

(23) A 1 241K, P N d (Fresnel number),

whereas I, is the Bessel function of the first kind and »-th order.
Eq. (21) is a non-linear integral equation. It can be solved numerically by an
iterative method*) in a manner similar as used by Fox and Li [4, 13] for a passive

*) These numerical calculations have been carried out, and discussed in detail, in Part II of
this paper (this issue).
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resonator as well as for an active one filled with a medium characterized by a
uniform gain distribution. Eq. (21) allows also calculation of field distribution
for a cavity with uniform gain distribution, because for £=0 it becomes identical
to the equation of Fox and Li [4] that concerns the field distribution in a resonator
filled with a non-linear medium having a uniform gain distribution.

INSTITUTE OF FLUID FLOW MACHINES, POLISH ACADEMY OF SCIENCES, GEN. FISZERA 14,
80-321 GDANSK
(INSTYTUT MASZYN PRZEPLYWOWYCH, PAN, 80-231 GDANSK)
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E. Musepaunk, E. Xoiinauxky, BimsHue napa6osmueckoro pajMajibHOTO pacnipefesieHHsl cpejbl
C HachlillleHHeM Ha MoJbI Jasepa. I

Conep:xanue. ITpencrasiesa npubIMKeHHash TEOPHS Ta3e€PHOIO PE30HATOPA C HEIMHEHHOM ax-
THBHOH CpEIOH XapakKTepu3ylolleiicss napabonuyYeckuM pacnpeleieHdeM KodbduuueRTa ycH-
JICHUS B TNONEPEYHOM cCeyeHuH. PaboTa COIEpXUT TakKe PacyeThl ISl CPENbl C OTHOPOIHBIM
pacnpesesienueM ycuieHus. ITonydeHO oaMBaKoBoe pacmpeneneHue NMONd Ha 3epKajiax I oGoux
PacCMOTpPEHHBIX Ciy4aes. CiemyeT mpeanonararb, 4TO BIMsAHHE MapaboIIHYeCKOro paguanbHOTO
pacnpenesieHdsl yCHICHUS Ha DacrpeselieHHe TOJIA B aKTHBHOM PE3OHATOPE B HCCICHOBAHHOM
nuanasone ycwieHus (2o d<159%) npenebpexmmo mamo. =

Note. The list of the References deals also with Part II of this paper.
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Summary. The paper comprises the results of the numerical calculations of the field distributions
over the mirrors of a confocal resonator, filled with such an active medium, made on the basis
of an integral equation being derived in Part I of this paper (cf. this issue, pp. 113 [1073]). The
paper includes also the final remarks which refer to both parts of this work.

1. Numerical results for the confocal resonator. The results presented in the
paper were obtained with the use of an Odra 1204 computer. The iterative method
[14] was employed. It was due to long duration of calculations that Eq. (21) was
solved, in principle, only for a simpler case (N=1) of a confocal resonator (g, =g, =0)
widely referred to in the bibliography. The distance between the confocal resonator
mirrors was assumed to be 1 m. Only a medium with homogeneously broadened
line (v=1) was taken into consideration.

~—  The calculations were made parallelly for two cases: £=0 (uniform transverse
Zain distribution) and ¢=1 (parabolical transverse gain distribution), in order to
determine the influence of non-uniform gain distribution on mode parameters.

Fig. 1 shows a relative field distribution over the mirrors of a confocal resona-
tor (N=1) for the two cases of gain distribution ¢=0 and &=1. The calculations
were made for selected values of unsaturated gain per path ood from the range
(0—159;,) and various transmittances T (T=1—p?) of a mirror; the value of T
was always chosen lower than that of «, d. The range of «, d was chosen to fulfil
the condition oy d<1, assumed when deriving the integral equation (21). Numerical
results, the diagram in Fig. I was based upon, are listed in the Table. In turn, Fig.
2 shows a relative field distribution over the confocal resonator mirrors (N=1.5)
for ¢ equal to 0 and 1, 7=19% and =, d=10%.

It is evident from the comparison of the results presented in the Table and in
Figs. 1 and 2 that the relative field distributions over the mirrors of a confocal
resonator (N=1 and 1.5) are in both cases, =0 and =1, identical, up to the third

Note. The list of References, given in Part I concerns both the parts of this paper.

119—{1079]
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significant figure. This means that within the range of o, d variability taken into
account the influence of gain amplitude and distribution on the relative field distri-
butions is of secondary importance as compared to the deciding influence of the
Fresnel number N. The influence of the Fresnel number & on the relative field distri-
bution was illustrated in Fig. 1, where the relative field distribution over the mirrors
of a passive confocal resonator (x, d=0, T=09%) was shown as determined for

Confocal resonator
(N=18, T=1%, azd = 10%}
. £=01
S

= X TEM 4o Mode
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S0 (N=1, T<od) 4 X
s TEM o Mode &

s X

5 | =

M o8 : S

= \ | =

S | 3

2 asb—— N\ 3

s \ | 5

2 ‘ : =

S 04 - | 3

A} 1 =

) AN -

L0 = ‘ =

5 <

& | ! ‘

0 02 04 06 08 10 |
n=r/a -8t

Fig. 1. Relative field distribution over the Fig. 2. Relative field distribution over the mir-
mirrors of a confocal resonator for é=0 and rors of a confocal resonator for ¢=0 and ¢é=1

¢=1—TEM,, mode —TEM,, mode
a) oo d=0; 2.5—15%, £=0.1; b) gaussian distribution
(N— c0)

the limit case of infinite transverse dimensions of the mirrors, i.e. for N—oco. This
distribution is of Gaussian type (see [I, 15, 16]). Further, it can be observed that
the relative field distribution, up to the third significant figure, is not affected by
mirror transmittances.

The results obtained for =0, oo d=10%;, T=1%, N=1 or 1.5 were compared

with those of Fox and Li [4] obtained for the same set of parameters. Both groups
of results are indistinguishable within the limits of diagram accuracy.

The calculations presented in this paper have shown that in both cases: ¢=0
and ¢=1, for oy d within the limits (0, 15%), the resonator mode that predominates
for N<1.3 is the TEM,, mode, whereas for N> 1.3 predominating is the TEM
mode. These results confirm the results obtained earlier by Fox and Li [4], namely,
that for a resonator with uniform transverse gain distribution of a medium N=1.32
is a point of quasi-equilibrium between the two modes TEM,, and TEM,.
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Fig. 3. Amplitude of the field distribution over the confocal resonator mirrors versus mirror trans-
mittance for various values of the gain coefficient , d of the medium (£=0)
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Fig. 4. Amplitude of the field distribution over the confocal resonator mirrors versus mirror trans-
mittance for various values of the gain coeflicient «o d of the medium (é=1)
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The amplitude of the field distribution R, (#=0) versus mirror transmissivity
T, for various («q d) values and fixed N=1 and £=0 or 1, is shown in Figs. 3 and 4.
The effective gain is, for the uniform gain distribution (¢=0) larger than for the
parabolical gain distribution ((=1). This results in larger field distribution amplitude
in the former case comparing to the latter. Analogously, the power transmitted out-
side the resonator, which is proportional to the R? (y=0)-7 product, should be
for the resonator filled with a medium with the uniform gain distribution higher
than for that with the parabolical gain distribution, if only the amplitudes of both
the gain distributions are equal. The power transmitted outside the confocal reso-
nator was shown in Figs. 5 and 6 as a function of mirror transmittances, for various
oo d values and fixed: N=1, £=0 or 1. It is evident that these figures confirm the
above assumption.

I‘ Confocal resonator
§ (N=1, £=0)
5 / \\ TEM,, Mode
= / \.
5
"Qaz
N
& N &7
g \ \\{5%
Q
3 f \
Saw \\ \\
\ \ s \
o\% 25} \ '\
& \ \
o 2 4 6 8 10

Mirror transmittance T[%]

Fig. 5. Power transmitted outside the confocal resonator versus mirror transmittance for various
values of the gain coefficient oo d of the medium (£=0)

The diagrams shown in Figs 5 and 6 serve for determination of mirror transmit-
tance values optimum with regard to the power transmitted, for various gain values
oo d. The optimum value estimated for a medium with the uniform gain distribu-
tion (£=0) equals to 7,,;=(0.13+0.01) «, d for o, d within the limits (2.5—15) %
whereas for parabolically distributed gain of the medium (=1) the optimum value
18 Top=(0.12+0.01) o d for the same range of o, d variability. Thus, the optimum
transmittances can be regarded in practice as independent of gain distributions
if only their amplitudes are identical.

No systematic calculations for higher N were made because the higher is N the
longer is time required for the highly time-consuming method of calculations adopted.
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Confocal resonator =E

a3

0)7]

Q
N

Output power [R2(p

-

Mirror transmittance T[%]

Fig. 6. Power transmitted outside the confocal resonator versus mirror transmittance for various
values of the gain coefficient Jduo d of the medium (£=1)

2. Final remarks. Conclusion. The results obtained for the confocal resonator
showed that, for the cases considered, the influence of the gain amplitude and
distribution of the medium as well as the mirror transmittance influence on the
relative field distribution over the resonator mirrors are of secondary importance
as compared to the influence of the Fresnel number N. Moreover, it can be admitted
that the relative field distributions are identical for both the uniform and parabolical
gain distributions if only the Fresnel numbers are the same. For the cases under
question the Fresnel number decides also upon the kind of the mode generated.
Yet, for larger gains (in this paper (v d)max Was equal to 15%) and in the first
place for higher N numbers the kind and distribution of a mode generated is suppo-
sedly affected by the shape of the gain distribution. However, calculations for
higher values of «,d and N were not carried out, owing to the limited range of
validity of the derivation of the' resonator equation (21) (o, d<1) as well as due
to highly time-consuming calculations for N> 1.

The amplitude of a field distribution and the power transmitted outside the
resonator are smaller for parabolical decrease of the gain along the radius as com-
pared to the uniform gain distribution. The difference is, however, not so large as
it could be expected basing on the estimated (e.g. from the mean value of the gain,
obtained by overaging the parabolical distribution along paths perpendicular to
the resonator axis) change of the effective gain of the medium. This suggests that
those parts of the amplifying medium that are more distant from the resonator axis
affect but slightly the generation of the TEM,, mode — most thoroughly analyzed



